1. LETTER FROM AUGUSTIN FRESNEL TO
FRANGOIS ARAGO, ON THE INFLUENCE
OF THE MOVEMENT OF THE EARTH ON
SOME PHENOMENA OF OPTICS*

My dear friend,

By your fine experiments on the light from the stars, you have
shown that the movement of the terrestrial globe has no percep-
tible influence upon the refraction of rays emanating from these
stars. Within the corpuscular theory, as you have pointed out,
this remarkable result can only be explained by supposing that
luminous bodies transmit to the particles of light an infinite number
of different velocities, and that these particles only affect the organ
of sight when travelling at one of these velocities, or at least be-
tween very close-set limits, so that an increase or decrease of a ten-
thousandth part is more than enough to prevent their detection.
The necessity for this hypothesis is not the least difficulty attaching
to the corpuscular theory; for on what does vision depend? Upon
the impact of the light particles on the optic nerve? In this case
such an impact would not be rendered imperceptible by an increase

* Ann. de Chimie 9, 57 (1818).

t ‘Taken from a Jetter to Léonor Fresnel, 5 September 1818 (LIX): .
I have recently been engaged on a small work to which I attach some impor-
tance. I have proved that, supposing the earth to be sufficiently porous to the
ether which penetrates and surrounds it, not to transmit to it more than a
minute part of its velocity, not exceeding, for example, an hundredth part, one
could explain satisfactorily not only the aberration of the stars, but also all the
other optical phenomena which are complicated by the movement of the earth,
ete.” (H. de St.).
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126 NINETEENTH-CENTURY AETHER THEORIES

in velocity. Upon the way in which the particles are refracted within
the pupil? But red particles, for example, whose velocity had been
diminished even by a fiftieth part, would still be refracted less
than violet rays, and would not leave the spectrum which defines
the limits of vision. '

You have enjoined me to examine whether the result of these
observations could be reconciled more easily with the theory in
which light is considered as being vibrations of a universal fluid.
[t is all the more necessary to find an explanation within this theory,
because the theory applies to terrestrial objects; for the velocity
of wave propagation is independent of the movement of the body
from which the waves emanate.

If one were to admit that our earth transfers its movement to
the ether surrounding it, it would be easy to see why the same
prism would always refract light in the same way, whatever direc-
tion it came from. But it appears impossible to explain the aberra-
tion of stars by this hypothesis: I have been unable, up to the
present at least, to understand this phenomenon clearly except
by supposing that the ether passes freely through the globe, and
that the velocity communicated to this subtle fluid is only a small
proportion of the velocity of the earth, not exceeding, for example,
an hundredth part.

However extraordinary this hypothesis may appear at first sight,
it does not seem to me at all incompatible with the idea of the
extreme porosity of bodies which the greatest physicists have
arrived at. It may indeed be asked how, while a very thin opaque
body is capable of intercepting light, a current of ether can pass
through our globe. While not claiming to meet this objection
completely, 1 shall nevertheless point out that the two kinds of
movement are too unlike in character for observations made in
connection with one to be applicable to the other. The movement
of light is not a current, but a vibration of the ether. One may see
how the small elementary waves into which light divides when
passing through a body may, in certain cases, be out of phase
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on coming together again, by reason of the different paths they
have taken or the different amounts by which they have been
slowed down; this prevents the propagation of vibrations, or alters -
them in such a way as to remove their light-giving property, as
occurs in a very striking manner with black bodies; while the
same circumstances would not prevent the establishment of a
current of ether. The transparency of hydrophane' is increased
by wetting it, and it is evident that the interposition of water
between its particles, while favouring the propagation of light
vibrations, must on the contrary prove a small additional obstacle
to the establishing of a current of ether. This is a good demonstra-
tion of the great difference which exists between the two types of
movement.

The opacity of the earth is therefore not a sufficient reason to
deny the existence of a current of ether between its molecules,
and one may suppose it porous enough to communicate to this
fluid only a very small part of its movement.

With the aid of this hypothesis the phenomenon of aberration
is as easily explained by the theory of waves as by the corpuscular
theory; for it arises out of the displacement of the optical instru-
ment while the light is travelling through it, Now according to this
hypothesis, the light waves do not participate to any perceptible
exient in the movement of the telescope, which I am assuming
to be pointed at the true location of the star, and the image of the
star lags behind in relation to the cross-hair situated in the eye-
piece of the telescope, by an amount corresponding to the distance
covered by the earth while the light is travelling down the tele-
scope.

It now remains to explain why, by the same hypothesis, the
apparent refraction does not vary with the direction of the light
rays relative to the movement of the earth.

t Hydrophane: a variety of opaque or partly translucent opal which ab-
sorbs water upon immersion and becomes transparent. [Translator’s note.]



128 NINETEENTH-CENTURY AETHER THEORIES

Let EFG (Fig. 1.1) be a prism, of which one side EF is placed
at right angles both to the ecliptic and to the incident rays, which
are thus travelling in the same direction as the earth: if the prism’s
movement has an influence upon their refraction, this is the case
where it must be most apparent. [ am supposing that the rays are
moving in the same direction as the prism.

E G

Fic. 1.1

Since they strike the surface of entry at right angles, the rays
do not undergo refraction at this side of the prism, and it is only
the effect produced by the second surface which needs to be con-
sidered. Let LD and LB be two of these rays, striking the surface
of exit at points D and B. Let BC be the direction taken by the ray
LB when it leaves the prism, in the case when the prism is stationary.
If a perpendicular is dropped from the point D onto the emezrging
ray, and starting from point B a line BA is drawn perpendicular
to the incident ray, the light must travel from A4 to D in the same
time as from B to C: this is the law determining the direction of the
refracted wave DC. But as the prism is being carried along by the
movement of the carth while the light is travelling from 4 to D,
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point D is displaced, as a result of which the difference between
the two paths travelled by the rays LD and LB is increased, which
necessarily changes the angle of refraction. FG represents the
surface of emergence; let D’ be the point where, after the incident
wave has reached 4B, the ray AD strikes this surface and leaves
the prism. Let BC" be the new direction of the refracted rays.
The perpendicular D'C’ will represent the direction of the emerging
wave, which must satisfy the general condition that 4D’ is tra-
velled by the light in the same time as BC’. But in order to establish
the relative lengths of these two intervals, it is necessary to calcu-
late the variation introduced by the movement of the prism in the
velocity of the light waves travelling through it.

If this prism carried along with it all of the ether it contains,
the whole of the medium acting as a vehicle for the waves would
thus participate in the movement of the earth, and the velocity of
the light waves would be equal to their velocity in a supposedly
stationary medium, plus the velocity of the earth. But the case in
point is more complicated; it is only a part of the medium which
is carried along by our earth—-namely, the proportion by which
its density exceeds that of the surrounding ether. By analogy it
would seem that when only a part of the medium is displaced, the
velocity of propagation of waves can only be increased by the
velocity of the centre of gravity of the system.

This principle is evident in the case where the moving part
represents exactly half of the medium; for, relating the movement
of the system to its centre of gravity, which is considered for a
moment as fixed, its two halves are travelling away from one
another at an equal velocity in opposite directions: it follows that
the waves must be slowed down in one direction as much as they
are accelerated in the other, and that in relation to the centre of
gravity they thus travel only at their normal velocity of propagation;
or, which amounts to the same thing, they share its movement.
If the moving portion were one quarter, one eighth or ome six-
teenth, etc., of the medium, it could be just as easily shown that
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the velocity to be added to the velocity of wave propagation is
one quarter, one ¢ighth, one sixteenth, and so on, of that of the
part in motion—that is to say, the exact velocity of the centre of
gravity; and it is clear that a thcorem which holds good in all these
individual instances must be generally valid.

This being established, and the prismatic medivm being in
equilibrivm of forces (tension) with the surrounding ether (I am
supposing for the sake of simplicity that the experiment is con-
ducted in vacuum), any delay the light undergoes when passing
through the prism when it is stationary may be considered as a
result solely of its greater density, which provides a means of
determining the relative densities of the two media; for we know
that their relationship must be the inverse of the squares of velocity
of wave propagation. Let d and &’ be the wavelengths of light in
the surrounding ether and in the prism, A and A’ the densities of
these two media; this gives us the ratio:

dt:d?::a" 1A
whence we obtain:
d2
7%

d2—d"?
A'—n = A(—-dT-)-

This is the density of the mobile part of the prismatic medium.
If the distance covered by the earth in the period of one light
wave cycle is represented by ?, the displacement of the centre of
gravity of this medium during the same interval of time, which
1 am taking as a unit, or the velocity of this centre of gravity, will

be:
d2—d™
:(“_—dz )

Al=a

and consequently:
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Consequently the wavelength & within the prism being carried
along by the earth will be equal to:

,(dr—dn
d +'(T)'

By calculating, with the help of this expression, the interval ALY
(Fig. 1.1) travelled by the ray AD before it leaves the prism, one
may easily determine the direction of the refracted ray BC'. If this
direction is compared to the direction of the ray BC obtained
when the prism is stationary, the value for the sine of angle CBC’,
omitting all ferms multiplied by the square or by greater powers
of ¢ because of the very small value of ¢, can be expressed as:

§in # cos i ——; sin i/(d’*—d? sin®{),

d' dd !
where { represents the angle of incidence ABD.

Supposing that, from a point H somewhere on the ray BC, a
line HH' is drawn parallel to the ecliptic and equal to the distance
travelled by the earth during the time taken by the light to travel
from B to H'; the optic axis of the telescope with which the object
is being observed being directed along BH, the light must follow
the direction BH' in order to arrive at H' at the same time as the
cross-hair of the instrument which is being carried along with
the movement of the earth: now, the line BH" coincides exactly
with the direction BC” of the ray refracted by the prism, which is
being carried along with the same movement; for the expression
of the value of sine HBH' is also found to be:

sin i cos i - sin i+/(d’® —d? sin? §).

d’ dd ’

Thus the telescope must be placed in the same direction as if
the prism were stationary; whence it results that the movement of
our earth cannot have any perceptible effect upon the apparent
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refraction, even supposing that it communicates only a very small
part of its velocity to the ether. A very simple calculation confirms
that the same is true of reflexion. Thus this hypothesis, which gives
a satisfactory explanation for aberration, does not lead to any
conclusion which contradicts the observed facts.

I shall conclude this letter with an application of the same theory
to the experiment proposed by Boscovich, which consists in observ-
ing the phenomenon of aberration through instruments filled
with water, or with some other fluid much more refractive than air,
in order to ascertain whether the direction where a star is seen
to lic varies as a result of the alteration in the course of the light
introduced by the liquid. I shall first point out that it is unnecessary
when trying to obtain this result to introduce the added compli-
cation of aberration; it can be obtained by observing a terrestrial
object just as well as by observing a star. This, as it seems to me,
is the simplest and most convenient way of conducting the experi-
ment.

Having fixed relative to the instrument, or rather, to the micro-
scope FBDE. .. [Fig. 1.2], the target M situated on the projection
of the optic axis CA, this system should be placed at right angles
to the ecliptic, and when the observation has been made in one
direction, the whole system should be turned the other way about,
and an observation made in the opposite direction. If the move-
ment of the earth displaced the image of point M in relation to the
cross-hair of the eye-piece, the image would appear now to the
right, now to the left, of the cross-hair.

With the corpuscular theory it is clear, as Wilson has already
pointed out, that the movement of the earth would not affect the
appearance of this phenomenon. In fact, the movement of the
earth means that a ray leaving M must take, in order to pass
through the centre of the objective, a direction MA' such that
the distance 44’ is travelled by the earth in the same interval of
time taken by the light to cover the distance MA’, or MA (on
account of the low value of the earth relative to the velocity of
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M

light). When v represents the velocity of light in air, and £ the velo-
city of the earth, we obtain:
A4 @
MA A4 ;. v: —=
v:t, or T7ERR
which is the sine of the angle of incidence. When ¢’ is the velocity
of light in the denser medium contained in the instrument, the sine
of the angle of refraction C' 4’ will be equal to ¢/v; thus we obtain
C'G = A'C'(¢{v'); from which we derive the ratio:
CG:4'C'::¢t:0,
Consequently the cross-hair €’ of the eye-piece situated on the
optic axis of the instrument will arrive at G at the same time as
the light ray which has passed through the centre of the objective.
The theory of waves leads to the same results. I am supposing
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for the sake of simplicity that the microscope is in a vacuum,
When d and d' represent the velocity of light in a vacuum and in
the medium contained in the instrument, we find the value #/d
for the sine of the angle of incidence AMA', and #d'/d? for the sine
of the angle of refraction C'A'G. Thus, independently of the
displacement of the waves in the direction of the movement of the
carth, C'G = A'C'(td’{d?). But the velocity with which these waves
are carried along by the moving part of the medium in which they
are propagated is equal to:

d2—d"?
(=)
thus their total displacement Gg, during the time they take to
travel through the microscope, equals:

£C [ @-a?
dr_ ( 42 )s
thus:
J 1t d  d*—d? _ At d? T e 4
Cg'—AC'r(“‘i?-l‘W) —-AC°!'(3-,—2)—AC-G,,.

Thus we obtain the ratio C'g : A'C’ ; : 1 : &’; consequently the image
of the point M will arrive at g at the same time as the cross-hair of
the micrometer. Thus the appearance of the phenomenon must
always remain the same, whatever the direction in which the instru-
ment is torned. Although this experiment has not yet been per-
formed, I do not doubt but that it would confirm this conclusion,
which is deducible equally from the corpuscular theory and from
the wave theory.

Additional note to the letter
(Annales de chimie et de physigue, Vol. IX, p. 286, November 1818)

In calculating the refraction of light in a prism being carried
along by the movement of the earth, 1 supposed, in order to

LETTER FROM FRESNEL TO ARAGO 135

simplify the reasoning, that the difference between the velocity of
light in the prism and in the ether surrounding it was solely a
result of the difference in density, elasticity being the same in the
two cases; but it is very possible that the two media differ in
elasticity as in density. It would even be conceivable that the elas-
ticity of a solid body might vary according to the direction from
which it was considered; and it is very probably this which gives
rise to double refraction, as Dr. Young has observed. But whatever
hypothesis is formed concerning the causes of the slowing of light
when it passes through transparent bodies, it is always possible,
in order to resolve the problem which was set me, to substitute in
thought for the real medium of the prism, an elastic fluid in equilib-
rium of forces with the surrounding ether, and having a density
such that the velocity of light is exactly the same in this fluid and
in the prism, when they are supposed stationary; this equality
must still remain when the two media are being carried along by
the movement of the earth: these, then, are the bases upon which
my calculations rest.

S—N.CAT. 10



2. ON THE ABERRATION OF LIGHT*

G. G. STOKES

The general explanation of the phenomenon of aberration is so
simple, and the coincidence of the value of the velocity of light
thence deduced with that derived from the observations of the
eclipses of Jupiter’s satellites so remarkable, as to leave no doubt
on the mind as to the truth of the explanation. But when we ex-
amine the cause of the phenomenon more closely, it is far from
being so simple as it appears at first sight. On the theory of emis-
sions, indeed, there is little difficulty; and it would seem that the
more particular explanation of the cause of aberration usually
given, which depends on the consideration of the motion of a tele-
scope as light passes from its object-glass to its cross wires, has
reference especially to this theory; for it does not apply to the
theory of undulations, unless we make the rather startling hypothe-
sis that the luminiferous ether passes freely through the sides of the
telescope and through the earth itself. The undulatory theory of
light, however, explains so simply and so beautifully the most
complicated phenomena, that we are naturally led to regard aber-
ration as a phenomenon unexplained by it, but not incompatible
with it.

. Rep::intcd from G. G. Stokes, Math. and Phys. Papers, 1, 134-40. The
first par‘t‘ is upf:hangcd from original (1845) publication in Phil, Mag., 27,
9; The “Additional Note” was substituted in 1880 as an unprovement of the
1845 argument to the same end.
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The object of the present communication is to attempt an expla-
nation of the cause of aberration which shall be in accordance
with the theory of undulations. I shall suppose that the earth
and the planets carry a portion of the ether along with them so
that the ether close to their surfaces is at rest relatively to those
surfaces, while its velocity alters as we recede from the surface,
till, at no great distance, it is at rest in space. According to the
undulatory theory, the direction in which a heavenly body is seen
is normal to the fronts of the waves which have emanated from
it, and have reached the neighbourhood of the observer, the ether
near him being supposed to be at rest relatively to him. If the
ether in space were at rest, the front of a wave of light at any instant
being given, its front at any future time could be found by the
method explained in Airy’s tracts. If the ether were in motion,
and the velocity of propagation of light were infinitely small, the
wave’s front would be displaced as a surface of particles of the
ether. Neither of these suppositions is, however, true, for the ether
moves while light is propagated through it. In the following inves-
tigation I suppose that the displacements of a wave’s front in an
elementary portion of time due to the two causes just considered
take place independently.

Let u, v, w be the resolved parts along the rectangular axes of
x, ¥, z, of the velocity of the particle of ether whose co-ordinates
are x, y, z, and let ¥ be the velocity of light supposing the ether
at rest. In consequence of the distance of the heavenly bodies, it
will be quite unnecessary to consider any waves except those
which are plane, except in so far as they are distorted by the mo-
tion of the ether. Let the axis of z be taken in, or nearly in the
direction of propagation of the wave considered, so that the equa-
tion of a wave’s front at any time will be

z = C+Vt+i, 1)

C being a constant, { the time, and { a small quantity, a function

10
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of x, y and ¢. Since u, », w and { are of the order of the aberration,
their squares and products may be neglected.

Denoting by «, 8, ¥ the angles which the normal to the wave’s
front at the point (x, y, z) makes with the axes, we have, to the
first order of approximation,

d.
C()Sﬁ =m?f’—’ cosy:l; (2)

COS & = _E

dx 3
and if we take a length ¥ df along this normal, the co-ordinates
of its extremity will be

d a;
-V ——== Vdt V.
X—— dat, vy 2 ,  z+

If the ether were at rest, the locus of these extremities would be
the wave’s front at the time ¢+ 4, but since it is in motion, the
co-ordinates of those extremities must be further increased by u d¥,
vdt, wdt. Denoting then by x’, ), 2’ the co-ordinates of the point
of the wave’s front at the time £+ d¢ which corresponds to the
point (x, y, z) at the time ¢, we have

Y . . &

2 =z (w+ V) di;

and eliminating x, y and z from these equations and (1), and de-
noting { by f(x, y, £), we have for the equation to the wave’s front
at the time z4d¥,

Z—(w+V)dt = C+Vt

+f{x’_'(u+%) dt, y'—(v-f—j—i) dt, t},

or, expanding, neglecting d¢* and the square of the aberration, and
suppressing the accents of x, y and z,

z = C+Vi+i+(w+V) dt. 3)
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But from the definition of £ it follows that the equation to the
wave’s front at the time #+dr will be got from (I) by putting
f+dt for ¢, and we have therefore for this equation

z =C+Ve+l+ (V+%) dt. @

Comparing the identical equations (3) and (4), we have

& _
dr

w.

This equation gives { = I w dt; but in the small term { we may

replace J. wdt by J. wdz + V' this comes to taking the approxi-

mate value of z given by the equation z = C+¥7 instead of ¢
for the parameter of the system of surfaces formed by the wave’s
front in its successive positions. Hence equation (1) becomes

1
zZ = C+ Vt+FIWdZo

Combining the value of ¢ just found with equations (2), we get,
to a first approximation,

z 1 @
TR TV | dx

1 [dw

o
dz, ﬁ—i = -I:; d_y ] (5)

equations which might very easily be proved directly in a more
geometrical manner. .

If random values are assigned to », v and w, the law of aberration
resulting from these equations will be a complicated one; but if
u, vand w are such that udx+vdy+wdz is an exact differential,

we have,
dw du dw dp .

dx _ dz’ dy  dz°
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whence, denoting by the suffixes 1, 2 the values of the variables
belonging to the first and second limits respectively, we obtain

Ua— U1 Vg —0
> B2—p1 = 2V1 . 6)

Tz—uy =

If the motion of the ether be such that udx+vdy+wdz is an
exact differential for one system of rectangular axes, it is easy to
prove, by the transformation of co-ordinates, that it is an exact
differential for any other system. Hence the formule (6) will
hold good, not merely for light propagated in the direction first
considered, but for light propagated in any direction, the direc-
tion of propagation being taken in each case for the axis of z. If
we assume that udx+vdy+wdz is an exact differential for that
part of the motion of the ether which is due to the motion of trans-
lation of the earth and planets, it does not therefore follow that the
same is true for that part which depends on their motions of rota-
tion. Moreover, the diurnal aberration is too small to the detected
by observation, or at least to be measured with any accuracy, and
1 shall therefore neglect it.

It is not difficult to shew that the formul (6) lead to the known
law of aberration. In applying them to the case of a star, if we begin
the integrations in equations (5) at a point situated at such a dis-
tance from the earth that the motion of the ether, and conse-
quently the resulting change in the direction of the light, is insens-
ible, we shall have u; = 0, ; = 0; and if, moreover, we take the
plane xz to pass through the direction of the earth’s motion, we
shall have

Vg = 0, 182"31 = 0,
Ug .
and dg—y = 7
that is, the star will appear displaced towards the direction in
which the earth is moving, through an angle equal to the ratio of
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the velocity of the earth to that of light, multiplied by the sine of
the angle between the direction of the earth’s motion and the line
joining the earth and the star.

Additional Note

[In what precedes waves of light are alone considered, and the
course of a ray is not investigated, the investigation not being
required. There follows in the original paper an investigation
having for object to shew that in the case of a body like the moon
or a planet which is itself in motion, the effect of the distortion of
the waves in the neighbourhood of the body in altering the apparent
place of the body as determined by observation is insensible. For
this, the orthogonal trajectory of the wave in its successive positions
from the body to the observer is considered, a trajectory which in
its main part will be a straight line, from which it will not differ
except in the immediate neighbourhood of the body and of the
earth, where the ether is distorted by their respective motions.
The perpendicular distance of the further extremity of the trajectory
from the prolongation of the straight line which it forms in the
intervening quiescent ether is shewn to subtend at the earth an
angle which, though not actually 0, is so small that it may be dis-
regarded.

The orthogonal trajectory of a wave in its successive positions
does not however represent the course of a ray, as it would do if
the ether were at rest. Some remarks made by Professor Challis
in the course of discussion suggested to me the examination of
the path of a ray, which in the case in which udx+vdy+wdz is an
exact differential proved to be a straight line, a result which I had
not foreseen when I wrote the above paper, which I may mention
was read before the Cambridge Philosophical Society on the 18th
of May, 1845 (see Philesophical Magazine, vol. xxix, p. 62). The
rectilinearity of the path of a ray in this case, though not expressly
mentioned by Professor Challis, is virtually contained in what he
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wrote. The problem is rather simplified by introducing the consid-
eration of rays, and may be treated from the beginning in the
following manner.

The notation in other respects being as before, let «’, 8’ be the
small angles by which the direction of the wave-normal at the
point (x, y, z) deviates from that of Oz towards Ox, Oy, respect-
ively, so that ’, /" are the complements of «, §, and let o, 8, be
the inclinations to Oz of the course of a ray at the same point.
By compounding the velocity of propagation through the ether
with the velocity of the ether we easily see that

,, U , v
a,:a-'f'F, ﬂ,=ﬁ+7.

Let us now trace the changes of «,, 8, during the time Jr. These
depend first on the changes of «', ', and secondly on those of
u, .

As regards the change in the direction of the wave-normal, we
notice that the seat of a small element of the wave in its successive
positions is in a succession of planes of particles nearly parallel
to the plane of x, y. Consequently the direction of the element
of the wave will be altered during the time d# by the motion of the
ether as much as a plane of particles of the ether parallel to the
plane of the wave, or, whick is the same to the order of small
quantities retained, parallel to the plane xy. Now if we consider
a particle of ether at the time 7z having for co-ordinates x, y, z,
another at a distance dx parallel to the axis of x, and a third at a
distance dy parallel to the axis of y, we see that the displacements
of these three particles parailel to the axis of z during the time dt
will be

wdt, (w+“% dx) dt, (w+t:;—w dy) dt;

BT b,

and dividing the relative displacements by the relation distances,
we have dw/dx.dt, dw/dy-df for the small angles by which the
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normal is displaced, in the planes of xz, yz, from the axes x, y, 5o

that
, dw , . dw
dx i dt, df = @ dr.
We have seen already that the changes of w, v are du/dz. V dt,

dvjdz. V dt, so that

du dw dv dw

Hence, provided the motion of the ether be such that

udx+vdy+wdz

is an exact differential, the change of direction of a ray as it travels
along is nil, and therefore the course of a ray is a straight line
notwithstanding the motion of the ether. The rectilinearity of
propagation of a ray of light, which a priori would seem very likely
to be interfered with by the motion of the ether produced by the
earth or heavenly body moving through it, is the tacit assumption
made in the explanation of aberration given in treatises of Astro-
nomy, and provided that be accounted for the rest follows as
usual.! It follows further that the angle subtended at the earth
by the perpendicular distance of the point where a ray leaves
a heavenly body from the straight line prolonged which represents
its course through the intervening quiescent ether, is not merely
too small to be observed, but actually #il.]

t To make this explanation guite complete, we should properly, as Profes:v.or
Challis remarks, consider the light coming from the wires of the observing
telescope, in company with the light from the heavenly body.



3. ON THE RELATIVE MOTION OF THE
EARTH AND THE LUMINIFEROUS
ATHER*

A. A. MICHELSON and E. W. MoRrLEY'

THE discovery of the aberration of light was soon followed by an
explanation according to the emission theory. The effect was
attributed to a simple composition of the velocity of light with
the velocity of the earth in its orbit. The difficulties in this appar-
ently sufficient explanation were overlooked until after an expla-
nation on the undulatory theory of light was proposed. This new
explanation was at first almost as simple as the former. But it
failed to account for the fact proved by experiment that the aber-
ration was unchanged when observations were made with a tele-
scope filled with water. For if the tangent of the angle of aberration
is the ratio of the velocity of the earth to the velocity of light,
then, since the latter velocity in water is three-fourths its velocity
in a vacuum, the aberration observed with a water telescope should
be four-thirds of its true value.t

* Phil. Mag. (5) 24, 449 (1887). This version of Michelson and Morley's
article is essentially equivalent to the American version published simultane-
ously in Am. J. Sci. (3), 34, 333 (1887).

t Communicated by the Authors.

This research was carried out with the aid of the Bache Fund.

1 Tt may be noticed that most writers admit the sufficiency of the explana-
tion according to the emission theory of light; while in fact the difficulty is
even greater than according to the undulatory theory. For on the emission
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On the undulatory theory, according to Fresnel, first, the ®ther
is supposed to be at rest, except in the interior of transparent
media, in which, secondly, it is supposed to move with a velocity
less than the velocity of the medium in the ratio (n*—1)/n?, where
n is the index of refraction. These two hypotheses give a complete
and satisfactory explanation of aberration. The second hypothesis,
notwithstanding its seeming improbability, must be considered as
fully proved, first, by the celebrated experiment of Fizeau,* and
secondly, by the ample confirmation of our own work.? The experi-
mental trial of the first hypothesis forms the subject of the present
paper.

If the earth were a transparent body, it might perhaps be conced-
ed, in view of the experiments just cited, that the intermolecular
zther was at rest in space, not withstanding the motion of the
earth in its orbit; but we have no right io extend the conclusion
from these experiments to opaque bodies. But there can hardly
be any question that the ®ther can and does pass through metals.
Lorentz cites the illustration of a metallic barometer tube. When
the tube is inclined, the ®ther in the space above the mercury is
certainly forced out, for it is incompressible.t But again we have
no right to assume that it makes its escape with perfect freedom,
and if there be any resistance, however slight, we certainly could
not assume an opaque body such as the whole carth to offer free
passage through its entire mass. But as Lorentz aptly remarks:

theory the velocity of light must be greater in the water telescope, and therefore
the angle of aberration should be less; hence, in order to reduce it to its true
value, we must make the absurd hypothesis that the motion of the water in
the telescope carties the ray of light in the opposite direction!

* Comptes Rendus, xxxiii. p. 349 (1851); Poge. Ann. Brginzungsband, iii.
p. 457 (1853); Ann. Chim. Phys. [3], Ivii. p. 385 (1859).

t “Influence of Motion of the Medium on the Velocity of Light.” Am. J.
Sci. [3], xxxi. p. 377 (1886).

1 ¥t may be objected that it may escape by the space between the mercury
and the walls; but this could be prevented by amalgamating the latter,
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“Quoi qu'il en soit, on fera bien, & mon avis, de ne pas se laisser
guider, dans une question aussi importante, par des considérations
sur le degré de probabilité ou de simplicité de 'une ou de I'autre
hypothése, mais de s’addresser a I'expérience pour appendre 4
connaitre 1'état, de repos ou de mouvement, dans lequel se¢ trouve
Péther 2 la surface terrestre.””

In April, 1881, a method was proposed and carried out for testing
the question experimentally.

In deducing the formula for the quantity to be measured,
the effect of the motion of the earth through the @ther on the
path of the ray at right angles to this motion was overlooked?.
The discussion of this oversight and of the entire experiment
forms the subject of a very searching analysis by H. A. Lorentz®,
who finds that this effect can by no means be disregarded. In
consequence, the quantity to be measured had in fact but half
the value supposed, and as it was already barely beyond the
limits of errors of experiment, the conclusion drawn from the result
of the experiment might well be questioned; since, however, the
main portion of the theory remains unquestioned, it was decided
to repeat the experiment with such modifications as would insure
a theoretical result much too large to be masked by experimental
errors, The theory of the method may be briefly stated as follows: —

Let sa, fig. 3.1, be a ray of light which is partly reflected in ab,
and partly transmitted in ac, being returned by the mirrors b and ¢
along ba and ca. ba is partly transmitted along ad, and ca is partly
reflected along ad. If then the paths ab and ac are equal, the two
rays interfere along ad. Suppose now, the xther being at rest,
that the whole apparatus moves in the direction se, with the velocity

* Archives Néerlandaises, xxi. 2™ livr. Phil. Mag. [5], xiii. p. 236.

t “The Relative Motion of the Earth and the Luminiferous Aether,” by
Albert A, Michelson. Am. J. Sci. [3], xxii. p. 120,

1 It may be mentioned here that the error was pointed out to the author
of the former paper by M. A. Potier, of Paris, in the winter of 1881.

§ “De I'Influence du Mouvement de 1a Terre sur les Phen. Lum.™ Archives
Néerlandaises, xxi, 22 livr. (1886).
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Fic. 3.1

of the earth in its orbit, the directions and distances traversed by
the rays will be altered thus:—The ray sa is reflected along ab, fig.
3.2; the angle bab, being equal to the aberration = w, is returned
along ba, (aba, = 2a), and goes to the focus of the telescope,
whose direction is unaltered. The transmitted ray goes along ac,
is returned along ca, and is reflected at @, making cae equal
90—«, and therefore still coinciding with the first ray. It may be

b, |b
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remarked that the rays ba, and ca, do not now meet exactly in the
same point &, though the difference is of the second order; this
does not affect the validity of the reasoning. Let it now be required
to find the difference in the two paths aba, and aca,.

Let V = velocity of light,
v = velocity of the earth in its orbit.
D = distance ab or ac, Fig. 3.1.
T = time light occupies to pass from a to c.
T, = time light occupies to return from ¢ to g, (Fig. 3.2).

Then
D D
T=v= T =vw
The whole time of going and coming is
v

T+T, = 2Dw,

and the distance travelled in this time is

V2 o2

2D g = 2D(1+W),

neglecting terms of the fourth order. The length of the other path
is evidently

92
, oy (1+5)

or to the same degree of accuracy,

.02
20(1 +“2W)'
The difference is therefore D(#?/V2). If now the whole apparatus
be turned through 90°, the difference will be in the opposite direc-
tion, hence the displacement of the interference-fringes should be
2D(v2/V?). Considering only the velocity of the earth in its orbit,
this would be 2D 1073, If, as was the case in the first experiment,
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D = 2X10° waves of yellow light, the displacement to be expected
would be 0-04 of the distance between the interference-fringes.

In the first experiment, one of the principal difficulties encoun-
tered was that of revolving the apparatus without producing dis-
tortion; and another was its extreme sensitiveness to vibration.
This was so great that it was impossible to see the interference-
fringes except at brief intervals when working in the city, even at
two o’clock in the morning. Finally, as remarked before, the quan-
tity to be observed, namely, a displacement of something less than
a twentieth of the distance between the interference-fringes, may
have been too small to be detected when masked by experimental
errors.

The first-named difficulties were entirely overcome by mounting
the apparatus on a massive stone floating on mercury; and the
second by increasing, by repeated reflexion, the path of the light
to about ten times its former value.

The apparatus is represented in perspective in fig. 3.3, in plan
in fig. 3.4, and in vertical section in fig. 3.5. The stone g (fig. 3.5)
is about 1-5 metre square and 0-3 metre thick. It rests on an annular
wooden float &b, 1-5 metre outside diameter, 0-7 metre inside
diameter, and 0'25 metre thick. The float rests on mercury con-
tained in the cast-iron trough cc, 1-5 centimetre thick, and of such
dimensions as to leave a clearance of about one centimetre around
the float. A pin d, guided by arms g g g g, fits into a socket e attached
to the float. The pin may be pushed into the socket or be with-
drawn, by a lever pivoted at f. This pin keeps the float concentric
with the trough, but does not bear any part of the weight of the
stone. The annular iron trough rests on a bed of cement on a low
brick pier built in the form of a hollow octagon.

At each corner of the stone were placed four mirrors dd ee, fig.
3.4. Near the centre of the stone was a plane parallel glass b.
These were so disposed that light from an argand burner @, passing
through a lens, fell on b so as to be in part reflected to d,; the two
pencils followed the paths indicated in the figure, bd e d b fand
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b d e, d b f respectively, and were observed by the telescope I
Both fand a revolved with the stone. The mirrors were of speculum
metal carefully worked to optically plane surfaces five centimetres
in diameter, and the glasses b and ¢ were plane parallel of the same

thickness, 1-25 centimetre; their surfaces measured 50 by 75 centi-
metres. The second of these was placed in the path of one of the
pencils to compensate for the passage of the other through the
same thickness of glass. The whole of the optical portion of the
apparatus was kept covered with a wooden cover to prevent air-
currents and rapid changes of temperature.

The adjustment was effected as follows:—The mirrors having
been adjusted by screws in the castings which held the mirrors,
against which they were pressed by springs, till light from both
pencils could be seen in the telescope, the lengths of the two paths
measured by a light wooden rod reaching diagonally from mirror
to mirror, the distance being read from a small steel scale to
tenths of millimetres. The difference in the lengths of the two
paths was then annulled by moving the mirror e,. This mirror had
three adjustments: it had an adjustment in altitude and one in
azimuth, like all the other mirrors, but finer; it also had an adjust-
ment in the direction of the incident ray, sliding forward or back-
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ward, but keeping very accurately parallel to its former plane.
The three adjustments of this mirror could be made with the wood-
en cover in position.
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Fig. 3.4

The paths being now approximately equal, the two images of
the source of light or of some well-defined object placed in front
of the condensing lens, were made to coincide, the telescope was
now adjusted for distinct vision of the expected interference-bands,
and sodium light was substituted for white light, when the inter-
ference-bands appeared. These were now made as clear as possible
by adjusting the mirror e,; then white light was restored, the screw
altering the length of path was very slowly moved (oneg turn of a
screw of one hundred threads to the inch altering the path nearly
1000 wave-lengths) till the coloured interference-fringes reappeared
S—N.C.AT. 11
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in white light. These were now given a convenient width and posi-
tion, and the apparatus was ready for observation.

¢ b'cgd gclblc
g O=QOg

]
I
[
I

Fic. 3.5

The observations were conducted as follows:—Around the cast-
iron trough were sixteen equidistant marks. The apparatus was
revolved very slowly (one turn in six minutes) and after a few
minutes the cross wire of the micrometer was set on the clearest of
the interference-fringes at the instant of passing one of the marks.
The motion was so slow that this could be done readily and accu-
rately. The reading of the screw-head on the micrometer was noted,
and a very slight and gradual impulse was given to keep up the
motion of the stone; on passing the second mark, the same process
was repeated, and this was continued till the apparatus had com-
pleted six revolutions. It was found that by keeping the apparatus
in slow uniform motion, the results were much more uniform and
consistent than when the stone was brought to rest for every
observation; for the effects of strains could be noted for at least
half a minute after the stone came to rest, and during this time
effects of change of temperature came into action.

The following tables give the means of the six readings; the first,
for observations made near noon, the second, those near six o’clock
in the evening. The readings are divisions of the screw-heads.
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The width of the fringes varied from 40 to 60 divisions, the mean
value being near 50, so that one division means 0-02 wave-length.
The rotation in the observations at noon was contrary to, and in
the evening observations, in the same direction as, that of the
hands of a watch.

Noon OBSERVATIONS

16, i, 2 3, 4, 5, 6. 7. 8.

July 8 44-7 | 440 | 435 | 397 | 352} 347 | 34:3 | 325 | 282
July 9 574 | 573 | 582 | 592 | 587 | 60-2 | 608 | 62:0 | 61-5
July 11 273 | 235 ) 220 [ 193 | 192 [ 193 | 187 | 188 | 162
Mean 431 | 416 | 41-2 1 39-4 | 377 | 381 | 379 | 378 | 353

Mean in w1 -862 | -832 | -824 | -788 | -754 | -762 | -758 | -756 | 700
. 706 | -692 | -686 | 688 | -688 | -678 | ‘672 | ‘628 | 616
Final mean | -784 | -762 | -755 | -738 | -721 | -720 | ‘715 { -692 | -661

9 10 11 12 13. 14 15 16
July 8 26:2 | 238 ; 232 | 2003 | 187 17-5 | 168 | 137
July 9 63-3 | 658 { 673 | 697 | 70-7 730 | 702 | 722
July 11 143 | 133 | 12:8 | 133 | 123 10-2 73 65
Mean ) 346 | 343 | 344 | 344 | 339 336 | 314 | 308
Mean inw.l.; 692 | 686 | -688 | -6B8 | -678 672 | 628 ‘616
Final mean

The results of the observations are e¢xpressed graphically in
fig. 3.6. The upper is the curve for the observations at noon, and
the lower that for the evening observations. The dotted curves
represent one eighth of the theoretical displacements. It seerns fair
to conclude from the figure that if there is any displacement due
to the relative motion of the earth and the luminiferous zther,
this cannot be much greater than 0-01 of the distance between the
fringes.

I1*
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P.M. OBSERVATIONS

16. 1. 2, 3 4, 5. 6 7. 8.
July 8 61-2 | 633 | 6331 6826771 693|703 | 698 | 6530
Fuly 9 260 | 26-0 | 282 | 292 | 31:5 | 32:0 | 31-3 | 31-7 | 330
July 12 668 | 66:5 | 660 | 643 | 622 | 61-0 | 61-3 | 58-7 | 584
Mean 5131 51-9 | 32-5 | 53-9 | 539 | 54-1 | 54-3 | 53-7 | 534
Mean in w.111-026 {1:038 |1-050 [t-078 |1-076 |1-082 ;1-086 |1-074 {1-068
1-068 11-086 [1-076 |1-084 [1-100 [1-136 (1-144 [1-154 [1-172
Final mean |1-047 [1-062 |1-063 [1-081 [1-088 |1-109 |1-115 |I-114 [1-120
9 10 11 12 13 14 15. 16.

i
July 8 713 {713 | 705 | 742 | T2 | 705 | 725 | 757
July 9 358 | 365 | 373 | 388 | 41.0 | 427 | 437 | 440
Julyl2 557 | 537 | 547 | 550 | 582 | 583 57-0 | 560
Mean 543 | 538 | 542 | 550 | 568 | 572 | 577 | 386
Mean in w.1./1-086 [1-076 |1-084 [1-100 [1-136 [1-144 (1:154 [1-172

Final mean
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Considering the motion of the earth in its orbit only, this dis-
placement should be
52

ZD-VE = 2D x 1078,

The distance D was about eleven metres, or 2 107 wavelengths
of yellow light; hence the displacement to be expected was 0-4
fringe. The actual displacement was certainly less than the twentieth
part of this, and probably less than the fortieth part. But since
the displacement is proportional to the square of the velocity, the
relative velocity of the earth and the ather is probably less than one
sixth the earth’s orbital velocity, and certainly less than one fourth.

In what precedes, only the orbital motion of the earth is consid-
ered. If this is combined with the motion of the solar system,
concerning which but little is known with certainty, the result
would have to be modified; and it is just possible that the resultant
velocity at the time of the observations was small, though the
chances are much against it. The experiment will therefore be
repeated at intervals of three months, and thus all uncertainty will
be avoided.

It appears from all that precedes reasonably certain that if there
be any relative motion between the earth and the luminiferous
ather, it must be small; quite small enough entirely to refute
Fresnel’s explanation of aberration. Stokes has given a theory of
aberration which assumes the aether at the earth’s surface to be
at rest with regard to the latter, and only requires in addition that
the relative velocity have a potential; but Lorentz shows that
these conditions are incompatible. Lorentz then proposes a modi-
fication which combines some ideas of Stokes and Fresnel, and
assumes the existence of a potential, together with Fresnel’s coeffi-
cient. If now it were legitimate to conclude from the present work
that the xther is at rest with regard to the earth’s surface, according
to Lorentz there could not be a velocity potential, and his own
theory also fails.
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Supplement

It is obvious from what has gone before that it would be hopeless
to attempt to solve the question of the motion of the solar system
by observations of optical phenomena at the surface of the earth.
But it is not imposstble that at even moderate distances above the
level of the sea, at the top of an isolated mountain-peak, for in-
stance, the relative motion might be perceptible in an apparatus
like that used in these experiments. Perhaps if the experiment
should ever be tried under these circumstances, the cover should
be of glass, or should be removed.

It may be worth while to notice another method for multiplying
the square of the aberration sufficiently to bring it within the
range of observation which has presented itself during the prep-
aration of this paper. This is founded on the fact that reflexion
from surfaces in motion varies from the ordinary laws of reflexion.

Let ab (fig. 1, p. 158) be a plane wave falling on the mirror mn
at an incidence of 45° If the mirror is at rest, the wave-front
after reflexion will be ac.

Now suppose the mirror to move in a direction which makes
an angle = with its normal, with a velocity . Let V be the velocity
of light in the ®ther, supposed stationary, and let cd be the increase
in the distance the light has to travel to reach 4. In this time the
mirror will have moved a distance

.

cd
/(2 cosa)’
We have
d _ wy/(2cosa)
ad A ’
which put = r, and

ac
ad ~
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In order to find the new wave-front, draw the arc fg with &
as a centre and ad as radius; the tangent to this arc from J will be
the new wave-front, and the normal to the tangent from b will
be the new direction. This will differ from the direction ba by 0,
which it is required to find. From the equality of the triangles
adb and edb it follows that 8§ = 2¢, ab = ac,

/)
# 1—tan 2 ac
tanadp =tan [45°——~ | = ———F=— =1-r,
2 1+tan E ad
2
or, neglecting terms of the order r3,
2 2
0 =r+_r_ =] M.}.ﬂ coszm.

2 v v

Now let the light fall on a parallel mirror facing the first, we

should then have

_ —/(wcose)  o?
0, =—— +W0051“s

and the total deviation would be
6+90, = 2p*cos?a,

where p is the angle of aberration, if only the orbital motion of the
earth is considered. The maximum displacement obtained by re-
volving the whole apparatus through 90° would be

A =2p2 =0-004",

With fifty such couples the displacement would be 0-2”. But
astronomical observations in circumstances far less favourable
than those in which these may be taken have been made to hun-
dredths of a second ; so that this new method bids fair to be at least
as sensitive as the former,
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‘ The arrangement of apparatus might be as in fig. 2; s, in the

! focus of the lens a, is a slit. bb, cc, are two glass mirrors optically

; P, plane, and so silvered as to allow say one twentieth of the light to

; pass through, and reflecting say ninety per cent. The intensity
‘ of the light falling on the observing telescope df would be about
one millionth of the original intensity, so that if sunlight or the
electric arc were used it could still be readily seen. The mirrors
1 bb, and ¢cc, would differ from parallelism sufficiently to separate
: the successive images. Finally, the apparatus need not be mounted
80 as to revolve, as the earth’s rotation would be sufficient.
| If it were possible to measure with sufficient accuracy the velocity
l of light without returning the ray to its starting point, the problem
|

of measuring the first power of the relative velocity of the earth

with respect to the wmther would be solved. This may not be as

hopeless as might appear at first sight, since the difficulties are

entirely mechanical and may possibly be surmounted in the course

of time. -

For example, suppose m and m, (fig. 3) two mirrors revolving

with equal velocity in opposite directions. It is evident that light

! from s will form a stationary image at s, and similarly light from

s, will form a stationary image at s. If now the velocity of the

mirrors be increased sufficiently, their phases still being exactly

the same, both images will be deflected from s and s, in inverse

proportion to the velocities of light in the two directions; or, if

the two deflections are made equal, and the difference of phase

of the mirrors be simultanecusly measured, this will evidently be

proportional to the difference of velocity in the two directions.

The only real difficulty lies in this measurement. The following is
perhaps a possible solution.

gg, (fig. 4) are two gratings on which sunlight is concentrated.

, These are placed so that after falling on the revolving mirrors m

i and m,, the light forms images of the gratings at 5 and 5, two

! very sensitive selenium cells in circuit with a battery and telephone.

If everything be symmetrical, the sound in the telephone will be
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a maximum. If now one of the slits s be displaced through half
the distance between the image of the grating bars, there will be
silence. Suppose now that the two deflections having been made
exactly equal, the slit is adjusted for silence. Then if the experiment
be repeated when the earth’s rotation has turned the whole appa-
ratus through 180°, and the deflections are again made equal,
there will no longer be silence, and the angular distance through
which s must be moved to restore silence will measure the required
difference in phase.

There remain three other methods, alf astronomical, for attacking
the problem of the motion of the solar system through space.

1. The telescopic observation of the proper motions of the stars.
This has given us a highly probably determination of the direction
of this motion, but only a guess as to its amount.

2. The spectroscopic observation of the motion of stars in the
line of sight. This could furnish data for the relative motions only,
though it seems likely that by the immense improvements in the
photography of stellar spectra, the information thus obtained will
be far more accurate than any other. .

3. Finally there remains the determination of the velocity of
light by observations of the eclipses of Jupiter’s satellites. If the
improved photometric methods practised at the Harvard observ-
atory make it possible to observe these with sufficient accuracy,
the difference in the results found for the velocity of light when
Jupiter is nearest to and farthest from the line of motion will give,
not merely the motion of the solar system with reference to the
stars, but with reference to the luminiferous ®ther itself.

4. ON THELAWS OF THE REFLEXION AND
REFRACTION OFLIGHTATTHE COMMON
SURFACE OF TWO NON-CRYSTALLIZED
MEDIA’

G. GREEN

M. CaucHY seems to have been the first who saw fully the utility
of applying to the Theory of Light those formula which represent
the motions of a system of molecules acting on each other by mutu-
ally attractive and repulsive forces; supposing always that in the
mutual action of any two particles, the particles may be regarded
as points animated by forces directed along the right line which
joins them. This last supposition, if applied to those compound
particles, at least, which are separable by mechanical division,
seems rather restrictive; as many phenomena, those of crystalli-
zation for instance, seem to indicate certain polarities in these
particles. If, however, this were not the case, we are so perfectly
ignorant of the mode of action of the elements of the luminiferous
ether on each other, that it would seem a safer method to take
some pgeneral physical principle as the basis of our reasoning,
rather than assume certain modes of action, which, after all, may
be widely different from the mechanism employed by nature; more
especially if this principle include in itself, as a particular case,
those before used by M. Cauchy and others, and also lead to a
much more simple process of calculation. The principle selected

* Trans. Camb. Phil. Soc. 7, 1, 113 (1838).
161
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as the basis of the reasoning contained in the following paper is
this: In whatever way the elements of any material system may act
upon each other, if all the internal forces exerted be multiplied
by the elements of their respective directions, the total sum for
any assigned portion of the mass will always be the exact differen-
tial of some function. But, this function being known, we can
immediately apply the general method given in the Mécanique
Analytique, and which appears to be more especially applicable to
problems that relate to the motions of systems composed of an
immense number of particles mutually acting upon each other.
One of the advantages of this method, of great importance, is,
that we are necessarily led by the mere process of the calculation,
and with little care on our part, to all the equations and conditions
which are requisite and sufficient for the complete solution of any
problem to which it may be applied.

The present communication is confined almost entirely to the
consideration of non-crystallized media; for which it is proved,
that the function due to the molecular actions, in its most general
form, contains only two arbitrary coefficients, 4 and B; the values
of which depend of course on the unknown internal constitution
of the medium under consideration, and it would be easy to shew,
for the most general case, that any arbitrary disturbance, excited
in a very small portion of the medium, would in general give rise
to two spherical waves, one propagated entirely by normal, the
other entirely by transverse, vibrations, and such that if the velocity
of transmission of the former wave be represented by /4, that of
the latter would be represented by 4/B. But in the transmission of
light through a prism, though the wave which is propagated by
normal vibrations were incapable itself of affecting the eye, yet
it would be capable of giving rise to an ordinary wave of light
propagated by transverse vibrations, except in the extreme cases
where A/B = 0, or A/B = a very large quantity; which, for the
sake of simplicity, may be regarded as infinite; and it is not difficult
to prove that the equilibrium of our medium would be unstable
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unless A/B > 3, We are therefore compelled to adopt the latter
value of A/B, and thus to admit that in the luminiferous ether, the
velocity of transmission of waves propagated by normal vibrations
is very great compared with that of ordinary light.

The principal results obtained in this paper relate to the intensity
of the wave reflected at the common surface of two media, both
for light polarized in and perpendicular fo the plane of incidence;
and likewise to the change of phase which takes place when the
reflexion becomes total. In the former case, our values agree pre-
cisely with those given by Fresnel; supposing, as he has done, that
the direction of the actual motion of the particles of the lumini-
ferous ether is perpendicular to the plane of polarization. But it
results from our formul®, when the light is polarized perpendic-
ular to the plane of incidence, that the expressions given by
Fresnel are only very near approximations; and that the intensity
of the reflected wave will never become absolutely null, but only
attain a minimum value; which, in the case of reflexion from
water at the proper angle, is ;3; part of that of the incident
wave. This minimum value increases rapidly, as the index of
refraction increases, and thus the quantity of light reflected at the
polarizing angle, becomes considerable for highly refracting sub-
stances, a fact which has been long known to experimental philo-
sophers.

It may be proper to observe, that M. Cauchy (Bullefin des
Sciences, 1830) has given a method of determining the intensity of
the waves reflected at the common surface of two media. He has
since stated (Nouveaux Exercises des Muathématiques) that the
hypothesis employed on that occasion is inadmissible, and has
promised in a future memoir, to give a new mechanical principle
applicable to this and other questions; but I have not been able
to learn whether such a memoir has yet appeared. The first method
consisted in satisfying a part, and only a part, of the conditions
belonging to the surface of junction, and the consideration of the
waves propagated by normal vibrations was wholly overlooked,
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though it is easy to perceive, that in general waves of this kind
must necessarily be produced when the incident wave is polarized
perpendicular to the plane of incidence, in consequence of the inci-
dent and refracted waves being in different planes. Indeed, without
introducing the consideration of these last waves, it is impossible
to satisfy the whole of the conditions due to the surface of junction
of the two media. But when this consideration is introduced, the
whole of the conditions may be satisfied, and the principles given

in the Mécanique Analytique became abundantly sufficient for the,

solution of the problem.

In conclusion, it may be observed, that the radius of the sphere
of sensible action of the molecular forces has been regarded as
insensible with respect to the length 1 of a wave of light, and thus,
for the sake of simplicity, certain terms have been disregarded on
which the different refrangibility of differently coloured rays might
be supposed to depend. These terms, which are necessary to be
considered when we are treating of the dispersion, serve only to
render our formule uselessly complex in other investigations re-
specting the phenomena of light.

Let us conceive a mass composed of an immense number of
molecules acting on each other by any kind of molecular forces,
but which are sensible only at insensible distances, and let more-
over the whole system be quite free from all extraneous action
of every kind. Then x, y and z being the co-ordinates of any par-
ticle of the medium under consideration when in equilibrium,
and :

x+u, y+v, ztw,

the co-ordinates of the same particle in a state of motion (where
u, v, and w are very small functions of the original co-ordinates
(x, », 2), of any particle and of the time (1)), we get, by combining
D’Alembert’s principle with that of virtual velocities,

du d% d*w

Z'Dm{— Syt ——dv4-

GREEN: REFLEXION AND REFRACTION 165

Dm, and Dv being exceedingly small corresponding clements of
the mass and volume of the medium, but which nevertheless contain
a very great number of molecules, and d¢ the exact differential
of some function and entirely due to the internal actions of the
particles of the medium on each other. Indeed, if 8¢ were not an
exact differential, a perpetual motion would be possible, and we
have every reason to think, that the forces in nature are so disposed
as to render this a natural impossibility.

Let us now take any c¢lement of the medium, rectangular in a
state of repose, and of which the sides are dx, dy, dz; the length
of the sides composed of the same particles will in a state of motion
become

dx' = dx(1+s1), dy =dy(l+s2), dz’ = dz{l+s3);

where 51, §3, 53 are exceedingly small quantities of the first order.
If, moreover, we make,

t

ax’
dyl 3

r

d
m=cos<d§,, B =cos < Y =Cos <

!
dz’’
, 8, and p will be very small quantities of the same order. But,
whatever may be the nature of the internal actions, if we represent
by

3¢ dx dy dz,

the part of the second member of the equation (1), due to the
molecules in the element under consideration, it is evident, that
¢ will remain the same when all the sides and all the angles of the
parallelpiped, whose sides are dx’ dy' d2', remain unaltered, and
therefore its most general value must be of the form

¢ = function {51, 52, 53, %, §, ¥}.

But 51, 53, 53, o, 8, ¥ being very small quantities of the first order,
we may expand ¢ in a very convergent series of the form

¢ = o+ Pr+gat+s+&e.:



166 NINETEENTH-CENTURY AETHER THEORIES

o, P1, P2, &c. being homogeneous functions of the six quantities
o, B, ¥, 51, S, 853 of the degrees 0, 1, 2, &c. each of which is very
great compared with the next following one. If now, p represent
the primitive density of the clement dxdydz, we may write
o dx dy dz in the place of Dm in the formula (1), which will thus
become, since ¢ is constant,

du a2 dw
f"‘f odxdydz {Wéu+z,?;6v+wﬁw]

- fffdxdvdz(§¢1+5¢z+ &c.);

the triple integrals extending over the whole volume of the medium
under consideration.

But by the supposition, when ¥« =0, ¥ = 0 and w = 0, the
system is in equilibrium, and hence

0=”fdxdydza¢1:

seeing that ¢, is a homogeneous function of 51, 53, 53, «, 8, ¥ of the
Jfirst degree only, If therefore we neglect ¢s3, ¢u, &c. which are
exceedingly small compared with ¢z, our equation becomes

d2u d2y dtw
fffgdxdy dz {W 6u+ﬁﬁv+ﬁéw}

=.fff dx dy dz 8¢a; )

the integrals extending over the whole volume under considera-
tion. The formula just found is true for any number of media
comprised in this volume, provided the whole system be perfectly
free from all extraneous forces, and subject only to its own molec-
ular actions.

I now we can obtain the value of ¢, we shall only have to
apply the general methods given in the Mécanique Analytigue.
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But ¢, being a homogenecus function of six quantities of the
second degree, will in its most general form contain 21 arbitrary
coefficients. The proper value to be assigned to each will of course
depend on the internal constitution of the medium. If, however,
the medium be a non-crystallized one, the form of ¢ will remain
the same, whatever be the directions of the co-ordinate axes in
space. Applying this last consideration, we shall find that the most
general form of ¢ for non-crystallized bodies contains only two
arbitrary coefficients. In fact, by neglecting quantities of the higher
orders, it is easy to perceive that

du p _dv dw
dx! 2 =

53 = a'_y’ 53—E!

dw dv w  du du dv

d
s=pta Pemtn VTt

and if the medium is symmetrical with regard to the plane (xp)
only, ¢; will remain unchanged when —z and —w are written for
z and w. But this alteration evidently changes « and § to —a« and
—f. Similar observations apply to the planes (xz) (yz). If therefore
the medium is merely symmetrical with respect to each of the three
co-ordinate planes, we see that ¢ must remain unaltered when

or —Z, —W, —a, _ﬁ Z, W, &, ﬁ
o -y, —v —a, =¥ are written for Y, U, o, ¥
or —x,—u, —f, —7y x, u, B,y

In this way the 21 coefficients are reduced to 9, and the resulting
function is of the form

du\? dv\? dw\? .
— — — Ny?
G(dx) +H(a‘y) +I(dz) + L+ MB?+ Ny
dv  dw du dw du dv
—_— e o e e — e e — = PR A.
+2de iz +2de 7 +2R dx " d P2 ... (4

S-N.CAT.12
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Probably the function just obtained may belong to those crystals
which have three axes of elasticity at right angles to each other.

Suppose now we further restrict the generality of our function
by making it symmetrical all round one axis, as that of z for in-
stance. By shifting the axis of x through the infinitely small angle
80,

x x-ty 80
becomes y—x 86,
2 z
d [ d d
r Fraar
d d d
— % RA— -
& becomes | a df e
4 d
dz | dz
and
u u+tuv éf
v becomes v—u 86,
W w

Making these substitutions in (A), we see¢ that the form of ¢
will not remain the same for the new axes, unless

G =H =2N+R,
L=M,
P =Q;

and thus we get

¢y = G{(%)2+ (3—;)2}+I(‘;—:)2+L(m2+ﬁz)
dv  du u dv

dw d
2 e —_ —_— .
Ny +2P(dy+dx) S Hae—aN 5L 2 (B

under which form it may possibly be applied to uniaxal crystals.
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Lastly, if we suppose the function ¢, symmetrical with respect
to all three axes, there results

and consequently,

¢ =G {(%)2+ (;—i)z-l- (%‘;3-)2}+L(aa+ﬂ2+‘yz)
dv dw du dw  du dv]

»

&' &TE T w
or, by merely changing the two constants and restoring the values
of «, 8, and v,

+(2G—4L) {

du dv  dw\?
2¢2 =_A(E+E+E)

() (e By (2 By
dy dx dz  dx dz  dy
dv dw  du dw du dv
—4(5 . Z-{-?x' . ?;+E . -&}—’)] .ol (O
This is the most general form that ¢s can take for non-crys-
tallized bodies, in which it is perfecily indifferent in what directions
the rectangular axes are placed. The same result might be obtained
from the most general value of ¢, by the method before used to
make ¢, symmetrical all round the axis of z, applied also to the
other two axes. It was, indeed, thus I first obtained it. The method
given in the text, however, and which is very similar to one used
by M. Cauchy, is not only more simple, but has the advantage of
furnishing two intermediate results, which may possibly be of use
on some future occasion.
Let us now consider the particular case of two indefinitely ex-
tended media, the surface of junction when in equilibrium being
a plane of infinite extent, horizontal (suppose), and which we shall

i2*
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take as that of (yz), and conceive the axis of x positive directed
downwards. Then if ¢ be the constant density of the upper, and g,
that of the lower medium, ¢, and ¢5? the corresponding functions
due to the molecular actions; the equation (2) adapted to the pres-
ent case will become

d%u d dw
J‘ff p dx dy dz{d2 5“"'},? 60+W 6w}
d?%v, d*w,
fff o, dx dy a‘z{ gt L du,+ 2 §v,+-7t2f a'w,},

- fffdxdydz¢g+fjf dx dy dz ¢, @)

#, v, w belonging to the lower fluid, and the triple integrals
being extended over the whole volume of the fluids to which they
respectively belong.

It now only remains to substitute for ¢, and ¢ their values,
to effect the integrations by parts, and to equate separately to zero
the coefficients of the independent variations. Substituting there-
fore for ¢ its value (C), we get

fffdxdydzéqbg
du dv  dw\ (ddu dév dbw
__Afffdxdydz{(d e dz)(dx 4. dov +?)]

dvo\ fdéu  dbv

-2 [[[awal(53) (5 +F)
du dw\ /d8u  déw dv  dw\ [ddv dbéw
+(dz +—) (E*a‘)%ﬁﬁ;) (ﬁ*?;)
_2 _dﬁ.drﬁw_*__d_ui_dﬁv du.a’cﬁw dw‘déu
[(dy dz  dz dy) (EE & T jix_)

(M dbo o dbu
(dx dy T dy dx)]
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“'dyd{ (d“+d”+‘;w) 23(2’” ‘;:)}-éu
ffdyd [ (d“ )&v-[— (jﬁ+ﬂ) aw}
JJfareliif502)

+B[d=u+£=_u__i(do+dw)” "

dyt  dt dx\dy dz
d (du dv dw dw  dW
+[A5'(z;+dy+—z)+3[ﬁ+@

d (du dw d (du dv dw
Z’}(EJ“ dz)]}a"’*{ Fa (d—x+d—y+ dz)
dw  dw d [du  dv
aw  aw & (2, CEN L e
+B[ dx2 + dy?  dz (dx+ dy)]} Wi

seeing that we may neglect the double integrals at the limits
X = — o, y== + o,z = 7 o} as the conditions imposed at these
limits cannot affect the motion of the system at any finite distance
from the origin; and thus the double integrals belong only to the
surface of junction, of which the equation, in a state of equilib-
rium, is

0 ==x

In like manner we get

f”dxdydza¢gl>
du, dv, dw, dv, dw,
:+J‘fdy dZ[A,(‘a.;c"-f- & +E)— B’(a’y + dz)] u,

du, dv, du,  dw,
+ffdydz{8(ﬁ+-£) 6v,+B( T + a'x) 6w,}

+ the triple integral;
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since it is the /east value of x which belongs to the surface of junc-
tion in the Jower medium, and therefore the double integrals be-
longing to the limiting surface must have their signs changed.

If, now, we substitute the preceding expression in (3), equate
separately to zero the coefficients of the independent variation
du, v, dw, under the triple sign of integration, there results for
the upper medium

P d dv
e T ux (dx
dqu  diu dv
+B{dy2 dzz dx +_)}

d% d aw
o (it
4,

&)
« (3
)
{
&)

dﬁv du
+s{ (e )} @
LI d (e do
@z = dz (dx

dw dw d [du dv
+B{dx2 +?y§_a .(E+3}7)}’

and by equating the coefficients of éu,, 8v,, 8w, we get three similar
equations for the lower medium.

To the six general equations just obtained, we must add the con-
ditions due to the surface of junction of the two media; and at
this surface we have first,

U=u, v=0, w=w,

i s

(when x = 0); (5)
and consequently,

Su=208u; Bv=20v,; dw=éw.

+7 i
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But the part of the equation (3) belonging to this surface, and
which yet remains to be satisfied, is
dv

”dydz{ (d”+d”+%)
+” dydz{A (E;Jr dy’+%)—23 (‘;” +i}~)} u,
+II dydz{B (%+%) 60+B(%+?;) 6w}

ffdydz{ (@—+d—v) dv +B(‘j’ dx)rSW,};

and as du = du,, &c., we obtain, as before,

du dv dw dv  dw
A( T )ZB(EEJ“E)

dx dy dz
du, dv, adw, dv, dw,
A(a'x +m+ dz) 2JB‘(dy dz)
du dv _ du dv 6
B(.?;+E)_B(dy dx) ©)

du dw du, dw,\.
B(G %) = 2la )
and these belong to the particular value x = 0.

The six particular conditions (5) and (6), belonging to the sur-
face of junction of the two media, combined with the six general
equations before obtained, are necessary and sufficient for Fhe
complete determination of the motion of the two media, supposing
the initial state of each given, We shall not here attempt their
general solution, but merely consider the propagation of a plane
wave of infinite extent, accompanied by its reflected and refracted
waves, as in the preceding paper on Sound.

Let the direction of the axis of z, which yet remains arbitrary,
be taken parallel to the intersection of the plane of the incident
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wave with the surface of junction, and suppose the disturbance of
the particles to be wholly in the direction of the axis of z, which
is the case with light polarized in the plane of incidence, according
to Fresnel. Then we have

0=u, 0=v, 0=u

" 0 =vl;

and supposing the disturbance the same for every point of the same
front of a wave, w and w, will be independent of z, and thus the
three general equations (4) will all be satisfied if

dew [ d®w . dtw
e T e T
or by making Bfe = 9%

d?w 2{dzw d2w]

= St @)

Similarly in the lower medium we have
d®w, dw, dw, ],
- ”Z{a +7§2'} ®
w, and y, belonging to this medium.

Jt now remains to satisfy the conditions (5) and (6). But these are
all satisfied by the preceding values provided

w=Ww,
dw dw,
B =8

The formule which we have obtained are quite general, and will
apply to the ordinary elastic fluids by making B=0. But for all
the known gases, 4 is independent of the nature of the gas, and
consequently A=A,. If, therefore, we suppose B=B,, at least
when we consider those phenomena only which depend merely on

Frp ~dY PO
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different states of the same medium, as is the case with light, our
conditions become'

W= W;
aw aw, {when x = 0). ()]
dx ~ dx

The disturbance in the upper medium which contains the incident
and reflected wave, will be represented, as in the case of Sound, by

w = flax+by+et)+F(—ax+by+ct);

fbelonging to the incident, F'to the reflected plane wave, and ¢ being
a negative quantity. Also in the lower medium,

w, = flax+by+ct).

These values evidently satisfy the general equations (7) and (8),
provided ¢ = y%(a*+b%, and ¢® = ¥(@+b%); we have therefore
only to satisfy the conditions (9), which give

fby+et)+ Fbytct) = f(by+ct),
af (by+ct)—aF'(by+ct) = a, by +ed).

Taking now the differential coefficient of the first equation, and
writing to abridge the characteristics of the functions only, we get

" LAV o {18\
2f_(1+a)f,, and  2F (1 a)f,,

1 Though for all known gases A is independent of the nature of the gas,
perhaps it is extending the analogy rather too far, to assume that in the lumini-
ferous ether the constants A4 and B must always be independent of the state
of the ether, as found in different refracting substances. However, since this
hypothesis greatly simplifies the equations due to the surface of junction of the
two media, and is itself the most simple that could be selected, it seemed natural
first to deduce the consequences which follow from it before trying a more
complicated one, and, as far as I have yet found, these consequences are in
accordance with observed facts.
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and therefore

F 1 a a—a _ cotf—cot, sin(f,—0)

i " a+a,  cotf+cotf,  sin(f,4+6)°

1+% ‘
a
¢ and 0, being the angles of incidence and refraction.

This ratio between the intensity of the incident and reflected
waves is exactly the same as that for light polarized in the plane
of incidence (vide Airy’s Tracts, p. 356"), and which Fresnel sup-
poses to be propagated by vibrations perpendicular to the plane of
incidence, agreeably to what has been assumed in the foregoing
process.

We will now limit the generality of the functions f, F and f,, by
supposing the law of the motion to be similar to that of a cycloidal
pendulum; and if we farther suppose the angle of incidence to be
increased until the refracted wave ceases to be transmitted in the
regular way, as in our former paper on Sound, the proper integral
of the equation

dw, [ dw, + d?w,
e TV e T g
will be .
w, = g%*Bsiny; (10)
where v = by+ct, and ¢ is determined by
VAP —a®D) = & = yHb*+aP). (11

But one of the conditions (9) will introduce sines and the other
cosines, in such a way that it will be impossible to satisfy them
unless we introduce both sines and cosines into the value of w, or,
which amounts to the same, unless we make

w = « sin (ax+by+ct+e)+f sin (—ax+by+ct+e,) (12)
in the first medium, instead of
w = a sin (@x+ by +ct)+ f sin (—ax+by+ab),

t [Airy on the Undulatory Theory of Optics, p. 109, Art. 123.]
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which would have been done had the refracted wave been trans-
mitted in the usual way, and consequently no exponential been
introduced into the value of w,. We thus sce the analytical reason
for what is called the change of phase which takes place when the
reflexion of light becomes total.
Substituting now (10) and (12), in the equations (9), and proceed-

ing precisely as for Sound, we get

0 =acose—ficose,

0 =asinet+fsine,

’
a . .
—~ B =asine—fsine,
a
B=acosetfcose,.

Hence there results « = §, and e, = —e, and

’ ' 4
a a a a

- f=_‘.+_ﬁ=u-itaﬂ9.
tane a b b b

But by (11},

V0 8) V)

by introducing p the index of refraction, and § the angle of inci-
dence. Thus,
+/(1? sin? 0 —1)

tane = lucose y

and as e represents half the alteration of phase in passing from
the incident to the reflected wave, we see that here also our result
agrees precisely with Fresnel's for light polarized in the plane of
incidence. (Vide Airy’s Tracts, p. 362.7)

Let us now conceive the direction of the transverse vibrations in
the incident wave to be perpendicular to the direction in the case

t [Airy, ubi sup. p. 114, Art. 133.]
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just considered; and therefore that the actval motions of the par-
ticles are all parallet to the intersection of the plane of incidence
(xy) with the front of the wave. Then, as the planes of the incident
and refracted waves do not coincide, it is easy to perceive that at
the surface of junction there will, in this case, be a resolved part
of the disturbance in the direction of the normal; and therefore,
besides the incident wave, there will, in general, be an accompany-
ing reflected and refracted wave, in which the vibrations are trans=
verse, and another pair of accompanying reflected and refracted
waves, in which the directions of the vibrations are normal to the
fronts of the waves. In fact, unless the consideration of the two
latter waves is also introduced, it is impossible to satisfy all the
conditions at the surface of junction; and these are as essential to
the complete solution of the problem, as the general equations of
motion.

The direction of the disturbance being in plane (xy) w=0, and
as the disturbance of every particle in the same front of a wave is
the same, u and v are independent of z. Hence, the general equa-
tions (4) for the first medium become

au ., d (du _dv) 2 d (du ﬂ)’

a T rE\ETD) T s\ w

dv _ o d (du dv\  ,d jdv du

at ~ 8 g (dx a'y) Y dx (dx dy)’
A B
where g2 = —, and »* = —.
5= YT

These equations might be immediately employed in their present
form; but they will take a rather more simple form, by making

u__.fi?f_l_d_w‘

dx dy|. 13
p 4 _dyf’
T dy dx

¢ and y being two functions of x, y, and ¢, to be determined,
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By substitution, we readily see that the two preceding equations
are equivalent to the system

& _ (T EP
P (a’x2 dzf| (14)
Ty _ (4, )
di? dxt ' dy?
In like manner, if in the second medium we make
ul = .%4.@,’,
dx = dy (15)
_ 49, _dy,
Oy T dx
we get to determine ¢, and y, the equations
d2p of &%, d%,)
— T — _ 4-—r
2
d LR y?(ﬁwl +__21p1)
dr? dx?  d)y?

and as we suppose the constants 4 and B the same for both media,

we have
Yy _ &

Y. &

For the complete determination of the motion in question, it
will be necessary to satisfy all the conditions due to the surface
of junction of the two media, But, since w = 0 and w, = 0, also,
since u, v, 4, v, are independent of z, the equations (5) and (6)
become

u=u, v=0,;

dv du, dv dv
o 4(c 2B,
dy 4 ( dx dy ) dy
du dv du do,

]

it Tae

A(du dv

Eirzf) _2B
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provided x = 0. But since x = 0 in the last equations, we many
differentiate them with regard to any of the independent variables
except x, and thus the two latter, in consequence of the two former,

will become
du  du, dv  dv,

dx  dx’ dx dx’

Substituting now for u, v, &c., their values (13) and (15), in
¢ and v, the four resulting conditions relative to the surface of
junction of the two media may be written,

@ dy _db, dy,

de ' dy  dx ' dy
d¢ dy _d¢, dy,

dy dx dy dx
oy _ &, Py,
dx?  dxdy dx®* dxdy
¢ dy _1d%, 4,

dxdy dxt  dxdy dx?

, (when x = 0);

or since we may differentiate with respect to y, the first and fourth
equations give

P By Py, Py,
dx®  dyr  dx2 R’

in like manner, the second and third give

4*¢
ax?

d*¢ _ d*, + d*p,
dyt — dx® ' odyr’

+

which, in consequence of the general equations (14) and (16),
become

py Ay g B P,
Pdr T A de grdre T gar
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Hence, the equivalent of the four conditions relative to the surface
of junction may be written

dp  dy _ dp, dyp,

PN Y S 7

dp dy _dp, dy,

dy dz;x_ ;2’;5’ % | (whenx = 0). an
FdE - gt
sy Py,
V2t

If we examine the expressions (13) and (15), we shall see that the
disturbances due to ¢ and ¢ are normal to the front of the wave to
which they belong, whilst those which are due to y, ¢, are trans-
verse or wholly in the front of the wave. If the coefficients 4 and
B did not differ greatly in magnitude, waves propagated by both
kinds of vibrations must in general exist, as was before observed.
In this case, we should have in the upper medium

w :f(ax+by+ct)+F(—ax+by+ct)}_ (13)
and ¢ =y (—a'x+by+ct) ’
and for the lower one
¥, =f,(a,x+by+ct)}. (19)
¢, = g (@x+by+ct)

The coefficients » and ¢ being the same for all the functions to
simplify the results, since the indeterminate coefficients & a, ¢’ will
allow the fronts of the waves to which they respectively belong, to
take any position that the nature of the problem may require. The
coefficient of x in F belonging to that reflected wave, which, like
the incident one, is propagated by transverse vibrations would
have been determined exactly like a: a, a’, as, however, it evi-
dently = —a, it was for the sake of simplicity introduced imme-
diately into our formulz.
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By substituting the values just given in the general equations

(14) and (16), there results
@ = (@ +B = (@B = (@502 = (a2 +0g”,

we have thus the position of the fronts of the reflected and refracted
waves.

It now remains to satisfy the conditions due to the surface of
junction of the two media. Substituting, therefore, the values (18)
and (19) in the equations (17), we get

rr r.l 7’2 ’r
f +F = ada s

¥4 =—é;?—%,;

—ay +o(f'+F) = ay +bf],

by —a(f'—F'} = by, —a,f];

where to abridge, the characteristics only of the functions are
written.

By means of the last four equations, we shall readily get the values
of F' " f %" in terms of f”/, and thus obtain the intensities of the
two reflected and two refracted waves, when the coefficients 4 and
B do not differ greatly in magnitude, and the angle which the
incident wave makes with the plane surface of junction is contained
within certain limits. But in the introductory remarks, it was shewn
that A/B = a very great quantity which may be regarded as in-
finite, and therefore g and g, may be regarded as infinite compared
with y and y . Hence, for all angles of incidence except such as
are infinitely small, the waves dependent on ¢ and ¢, cease to
be transmitted in the regular way. We shall therefore, as before,
restrain the generality of our functions by supposing the law of the
motion to be similar to that of a ¢ycloidal pendulum, and as two
of the waves cease to be transmitted in the regular way, we must
suppose in the upper medium

p = sin (@x+by+ct+e)+ 8 sin (—ax+by+ct-te)

' : } (20)
and ¢ = gt X(A 8111 o +Bcos VJo)
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and in the lower one
y, = «, sin (@,x+by+ct) }

, . 2y
, = &~ %A, sin e+ B, cos o)

where to abridge ywo = by+ect.
These substituted in the general equations (14) and (15), give

¢ = PP+ = YA B = g(—a"+b) = gi(—a >+,
or, since g and g, are both infinite,
b=d =4d.
It only remains to substitute the values (20), (21) in the equa-

tions (17), which belong to the surface of junction, and thus we

get
bA sin o+ bB c0s o+ ba cos (o-+€)+58 cos (yo+e,)

= —bA, sinye—bB, cos yo+ bu, cos yo,
bA cos po—bB sin o —ax cos (yo+e)+af cos (pote,)
= bA, cospe—bB, sinye—a,x, CosPy. (22)

% (A sin e+ Bcosyy) = Eli (A, sinpg+ B, cos 1),

1 . , |
7 {« sin (po+e) + B sin (pete,)} = 7 «, sin o,

L

Expanding the two last equations, comparing separately the
coefficients of cos y¢ and sin 4, and observing that

g 7
-2 = £. = y suppose,
g ¥ 4 supp
we get
A= u?d,
B = B

wcose+fcose, = pla, (23)

wsine+fsine, =0

S5-N.CAT. 13
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In like manner the two first equations of (22) will give
0 =A+A4,~asine—fsine,

0=A—-A4 +_‘5L+ (#cose,—xcos ),

0 = B+B,+acose+fcose,—a,

0= B_B,-j-%(ﬂsine,—a sin e,);

combining these with the system (23), there results

0=A+A4,
0 = B+B, +(u”—l)m
0=A— A+ -|- (ﬁcose—acose)

b

0 :B—Bl+3(ﬁsin e,—u 8in €)

Again, the systems (23) and (24) readily give

1 (@17 b
« sin e =32l a «,
cxcose——lz— (,u.2+ ) .
Bsine, —% __(p2;11)2 e ’
Bcose, =%-(M2—%)°‘.

and therefore

2 b2
(M2+1)2'(#2—%') + (-1

= a b2 *
(#”—1-1)2'(#24-%) + -1

(24)

(25)

(26)
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When the refractive power in passing from the upper to the
lower medium is not very great, u does not differ much from 1.
Hence, sin e and sin e, are small, and cose, cos e, do not differ
sensibly from unity; we have, therefore, as a first approxima-
tion,

a sin®f  cot @,

27 — L
g " _sin*f,  cotf _ sin20-sin20, tan(8-0,)
« ,, 4 sin®f cotf, sin20+sin20,  tan(6+0,)
B8 5in?6, " cot 8

which agrees with the formula in Airy’s Tracts, p. 358%, for light
polarized perpendicular to the plane of reflexion. This result is
only a near approximation: but the formula (26) gives the correct
value of B2/u?, or the ratio of the intensity of the reflected to the
incident light; supposing, with all optical writers, that the intensity
of light is properly measured by the square of the actual velocity
of the molecules of the luminiferous ether.

From the rigorous value (26), we see that the intensity of the
refiected light never becomes absolutely null, but attains a mini-
mum value nearly when

0 = p2 ——%, ie,when tan(6+6) = oo, 27

which agrees with experiment, and this minimum valve is, since
(27) gives bja = u,

w-1 2

Y 3 2_ 1\
£ _ a - (—1) ... (28)

2 T 2 T AuH 412 2 _ 1)
o 4(!‘2‘**1)44”""'(1’-‘2_1)4% s+ 12+ (p?—1)

If u =%, as when the two media are air and water, we get
iz I
—5 = ~—- hearly.
o = 151 Y
t [Airy, ubi sup. p. 110.]
13*
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It is evident from the formula (28), that the magnitude of this
minimum value increases very rapidly as the index of refraction
increases, so that for highly refracting substances, the intensity of
the light reflected at the polarizing angle becomes very sensible,
agreeably to what has been long since observed by experimental
philosophers. Moreover, an inspection of the equations (25) will
shew, that when we gradually increase the angle of incidence so as
to pass through the polarizing angle, the change which takes place
in the reflected wave is not due to an alteration of the sign of the
coefficient 8, but to a change of phase in the wave, which for
ordinary refracting substances is very nearly equal to 180°; the
minimum value of 8 being so small as to cause the reflected wave
sensibly to disappear. But in strongly refracting substances like
diamond, the coefficient 8 remains so large that the reflected wave
does not seem to vanish, and the change of phase is considerably
less than 180°. These results of our theory appear to agree with
the observations of Professor Airy. (Camb. Phil. Trans. Vol. IV.
p. 418, &c.)

Lastly, if the velocity 9, of transmission of a wave in the lower
exceed y that in the upper medium, we may, by sufficiently aug-
menting the angle of incidence, cause the refracted wave to dis-
appear, and the change of phase thus produced in the reflected
wave may readily be found. As the calculation is extremely easy
after what precedes, it seems sufficient to give the result. Let there-
fore, here, u = y,/y, also e, e, and § as before, then e, = —e, and
the accurate value of e is given by

(u2—1)*tan 0
tan e = p+/(u? tan® 0 —sec? 6)—T .

The first term of this expression agrees with the formula of
page 362, Airy's Tracts', and the second will be scarcely sensible
except for highly refracting substances.

t [Airy, ubi sup. p. 114, Art, 133.]

5. AN ESSAY TOWARDS ADYNAMICAL
THEORY OF CRYSTALLINE REFLEXION
AND REFRACTION*

J. MACCULLAGH

SECT.I. INTRODUCTORY OBSERVATIONS.
EQUATION OF MOTION

Nearly three years ago I communicated to this Academy' the
laws by which the vibrations of light appear to be governed in
their reflexion and refraction at the surfaces of crystals. These
laws—remarkable for their simplicity and elegance, as well as for
their agreement with exact experiments—I obtained from a system
of hypotheses which were opposed, in some respects, to notions
previously received, and were not bound together by any known
principles of mechanics, the only evidence of their truth being the
truth of the results to which they led. On that occasion, however,
I observed that the hypotheses were not independent of each other:
and soon afterwards I proved that the laws of reflexion at the surface
of a crystal are connected, in a very singular way, with the laws
of double refraction, or of propagation in its interior; from which
I was led to infer that “all these laws and hypotheses have a
common source in other and more intimate laws which remain to

183; Transactions of the Royal Irish Academy, 21 (1848). Read 9 December
t In a Paper “On the Laws of Crystalline Reflexion and Refraction.”—
Transactions of the Royal Irish Academy, Vol, xviii. p. 31. (Supra, p. 87.)
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be discovered”; and that “the next step in physical optics would
probably lead to those higher and more elementary principles by
which the Iaws of reflexion and the laws of propagation are linked
together as parts of the same system”.! This step has since been
made, and these anticipations have been realised. In the present
Paper I propose to supply the link between the two sets of laws by
means of a very simple theory, depending on certain special as-
sumptions, and employing the usual methods of analytical dy-
namics.

In this theory, the two kinds of laws, being traced from a com-
mon origin, are at once connected with each other and severally
explained; and it may be observed, that the explanation of each,
as well as the source of their connexion, is now made known for
the first time. For though the laws of crystalline propagation have
attracted much attention during the period which has elapsed since
they were discovered by Fresnel,} they have hitherto resisted every
attempt that has been made to account for them by dynamical
reasonings; and the laws of reflexion, when recently discovered,
were apparently still more difficult to reach by such considerations.
Nothing can be easier, however, than the process by which both
systems of laws are now deduced from the same principles.

The assumptions on which the theory rests are these:—First,
that the density of the luminiferous ether is a constant quantity;
in which it is implied that this density is unchanged either by the
motions which produce light or by the presence of material par-
ticles, so that it is the same within all bodies as in free space, and
remains the same during the most intense vibrations. Second, that
the vibrations in a plane-wave are rectilinear, and that, while the
plane of the wave moves parallel to itself, the vibrations continue
parallel to a fixed right line, the direction of this right line and the

+ Ibid, p. 53, note. (Supra, p. 112.) The note here referred to was added
some time after the Paper itsclf was read.

1 These laws were published in his Memoir on Double Refraction—AMém-
oires de I'Institut, tom. vii. p. 45.
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direction of a normal to the wave being functions of each other.
This supposition holds in all known crystals, except quartz, in
which the vibrations are elliptical.

Concerning the peculiar constitution of the ether we know
nothing, and shall suppose nothing, except what is involved in the
foregoing assumptions. But with respect to its physical condition
generally, we shall admit, as is most natural, that a vast number
of ethereal particles are contained in the differential element of
volume; and, for the present, we shall consider the mutual action
of these particles to be sensible only at distances which are insens-
ible when compared with the length of a wave.

By putting together the assumptions we have made, it will ap-
pear that when a system of plane waves disturbs the ether, the
vibrations are transversal, or parallel to the plane of the waves.
For all the particles situated in a plane parallel to the waves are
displaced, from their positions of rest, through equal spaces in
parallel directions; and therefore if we conceive a closed surface
of any form, including any volume great or small, to be described
in the quiescent ether, and then all its points to partake of the
motion imparted by the waves, any slice cut out of that volume,
by a pair of planes parallel to the wave-plane and indefinitely near
each other, can have nothing but its thickness altered by the
displacements; and since the assumed preservation of density re-
quires that the volume of the slice should not be altered, nor con-
sequently its thickness, it follows that the displacements must be
in the plane of the slice, that is to say, they must be parallel to the
wave-plane. And conversely, when this condition is fulfilled, it is
obvious that the entire volume, bounded by the arbitrary surface
above described, will remain constant during the motion, while
the surface itself will always contain within it the very same ethereal
particles which it enclosed in the state of rest; and all this will be
accurately true, no matter how great may be the magnitude of the
displacements.

Let x, y, z be the rectangular co-ordinates of a particle before
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it is disturbed, and x+&, y+5, z+{ its co-ordinates at the time 2,
the displacements £, %, { being functions of x, y, z and £. Let the
ethereal density, which is the same in all media, be regarded as
unity, so that dxdydz may, at any instant, represent indifferently
either the element of volume or of mass. Then the equation of
motion will be of the form

[ et (G e Ghane i) - [ ocaran

where V is some function dependmg on the muotual actions of the
particles. The integrals are to be extended over the whole volume
of the vibrating medium, or over all the media, if there be more
than one.

Setting out from this equation, which is the general formula of
dynamics applied to the case that we are considering, we perceive
that our chief difficulty will consist in the right determination of
the function V; for if that function were known, little more would
be necessary, in order to arrive at all the laws which we are in
search of, than to follow the rules of analytical mechanics, as they
have been given by Lagrange. The determination of V will, of
course, depend on the assumptions above stated respecting the
nature of the ethereal vibrations; but, before we proceed further, it
seems advisable to introduce certain lemmas, for the purpose of
abridging this and the subsequent investigations."

SECT. III. DETERMINATION OF THE FUNCTION
ON WHICH THE MOTION DEPENDS. PRINCIPAL
AXES OF A CRYSTAL

We come now to investigate the particular form which must be
assigned to the function V, in order that the formula (1) may rep-
resent the motions of the ethereal medium. For this purpose con-

t [Section II is here omitted.]
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ceive the plane of x' 3 to be parallel to a system of plane waves
whose vibrations are entirely transversal and parallel to the axis
of ', so that §’=0, {'=0. Imagine an elementary parallelpiped
dx' dy' dz’, having its edges parallel to the axes of x’, ', 2', to be
described in the ether when at rest, and then all its points to move
according to the same law as the ethereal particles which compose
it. The faces of the parallelpiped which are perpendicular to the
edge dz’' will be shifted, each in its own plane, in a direction parallel
to the axis of y'; but their displacements will be unequal, and will
differ by dy’, so that the edges connecting their corresponding angles
will no longer be paraliel to the axis of z°, but will be inclined to it
at an angle » whose tangent is dn’/dz’.

Now the function V can only depend upon the directions of the
axes of x’, y', 2’ with respect to fixed lines in the crystal, and upon
the angle », which measures the change of form produced in the
parallelpiped by vibration. This is the most general supposition
which can be made concerning it. Since, however, by our second
assumption, any one of these directions, suppose that of x’, de-
termines the other two, we may regard V as depending on the angle
% and on the direction of the axis of x* alone. But from the equa-
tions (F) it is manifest that the angle » and the angles which the
axis of x" makes with the fixed axes of x, y, z are all known when
the quantities X, ¥, Z are known. Consequently V is a function of
XY, Z.

Supposing the angle » to be very small, the quantities X, ¥, Z
will also be very smail; and if V be expanded according to the
powers of these quantities, we shall have

V = K+ AX+BY+CZ+ DX+ EY!+ FZ?
+GYZ+ HXZ+IXY + &c.,
the quantities K, 4, B, C, D, &c., being constant. But in the state

of equilibrium the value of 6V ought to be nothing, in whatever
way the position of the system be varied; that is to say, when the



192 NINETEENTH-CENTURY AETHER THEORIES

displacements &, 1, {, and consequently the quantities X, ¥, Z, are
supposed to vanish, the quantity

OV = ASX+ B6Y+ CSZ+2DX8X + &c.,

ought also to vanish independently of the variations 8&, &, &, or,
which comes to the same thing, independently of 4X, 8Y, 6Z.
Hence! we must have 4 =0, B = 0, C = 0; and therefore, if we
neglect terms of the third and higher dimensions, we may conclude
that the variable part of V is a homogeneous function of the second
degree, containing, in its general form, the squares and products
of X, ¥, Z, with six constant coefficients.

Of these coefficients, the three which multiply the products of
the variables may always be made to vanish by changing the
directions of the axes of x, , z. For this is a known property of
functions of the second degree, when the co-ordinates are the vari-
ables; and we have shown, in Lemma IL, that the quantities
X, Y, Z are transformed by the very same‘relations as the co-ordi-
nates themselves, Therefore, in every crystal there exist three rec-
tangular axes, with respect to which the function V contains only
the squares of X, ¥, Z; and as it will presently appear that the
coefficients of the squares must all be negative, in order that the
velocity of propagation may never become imaginary, we may con-
sequently write, with reference to these axes,

V =— _% (a®X2 4 b2Y24 czzz), ()]

omitting the constant K as having no effect upon the motion.

The axes of co-ordinates, in this position, are the principal axes
of the crystal, and are commonly known by the name of axes of
elasticity. Thus the existence of these axes is proved without any
hypothesis respecting the arrangement of the particles of the me-
dium. The constants a, b, c are the three principal velocities of prop-
agation, as we shall see in the next section.

t See the reasoning of Lagrange in an analogous case Mécanigue Analytique,
tom. i. p. 68.
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Having arrived at the value of V, we may now take it for the
starting point of our theory, and dismiss the assumptions by which
we were conducted to it. Supposing, therefore, in the first place,
that a plane wave passes through a crystal, we shall seek the laws
of its motion from equations (1} and (2), which contain everything
that is necessary for the solution of the problem. The laws of
propagation, as they are called, will in this way be deduced, and
they will be found to agree exactly, so far as magnitudes are con-
cerned, with those discovered by Fresnel; but the direction of the
vibrations in a polarized ray will be different from that assigned
by him. In the second place, we shall investigate the conditions
which are fulfilled when light passes out of one medium into an-
other, and we shall thus obtain the laws of reflexion and refraction
at the surface of a crystal.



6. ON AGYROSTATIC ADYNAMIC
CONSTITUTION FOR‘ETHER"

W. THomson (Lord Kelvin)

1. Consider the double assemblage of the red and blue atoms
of § 69 of Art. xcvii. above.! Annul all the forces of attraction
and of repulsion between the atoms. Join each red to its blue
neighbour by a rigid bar, as in the little model which I submitted
to the Academy in my last communication. We shall thus have,
abutting on each red atom and on each blue, four bars making
between them obtuse angles, each equal to z—cos™? %—

2. Let us suppose that each atom be a little spbere, instead of
being a point; that each bar is provided at its extremities with
spherical caps (as in § 70 of Art. xcvii.), rigidly fixed to it, and
kept in contact with the surface of the spheres by proper guards,
leaving the caps free to slide upon the spherical surfaces. We shall
thus have realised an articulated molecular structure, which in
aggregate constitutes a perfect incompressible quasi-liquid. The
deformations must be infinitely small, and such deformations imply
diminutions of volume, infinitely small and of the second order, or
proportional to their squares, which we may neglect. 1t is because
of this limitation that we have not a perfect incompressible liquid,
without the qualification “quasi”. But this limitation does not alter
at all the perfection of our ether, so far as concerns its fitness to
transmit luminous waves.

* §8 16 translated from Comptes Rendus, 16 Sept., 1889. § 7-15 from

Proceedings Royal Society of Edinburgh, 17 Mar,, 1830,
t [Cf. Appendix to this sele ction forrelevant sections of Art. xcvii. K.F.5.]
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3. Now to give to our structure the quasi-elasticity which it re-
quires in order to produce the luminous waves, let us attach to
each bar a gyrostatic pair composed of two Foucault gyroscopes,
mounted according to the following instructions.

4, Instead of a simple bar, let us take a bar of which the central
part, for a third of its length for example, is composed of two
rings in planes perpendicular to one another. Let the centre of each
ring, and a diameter of each ring, be in the line of the bar. Let the
two rings be the exterior rings of gyroscopes, and let the axes of
the interior rings be mounted perpendicularly to the line of the bar.
Let us now place the interior rings, with their planes in those of
the exterior rings, and consequently with the axes of their fly-
wheels in the line of the bar. Let us give speeds of rotation, equal,
but in opposite directions, to the two flywheels.

5. The gyrostatic pair thus constituted (that is to say, thus con-
structed and thus energised) has the singular property of requiring
a Poinsot couple to be applied to the bar in order to hold it at
rest in any position inclined to the position in which it was given.
The moment of this couple, L, remains sensibly constant until the
axes of the flywheels have turned through considerable angles from
their original direction in the primitive line of the bar; and is
given by the following formula which is easily demonstrated by

the theory of the gyroscope,
1 - (mk*w)? i
&

i meaning the angle, supposed infinitely small, between the length
of the bar in its deviated position and in its primitive position, m
meaning the mass of one of the flywheels, mk® meaning its moment
of inertia, @ meaning its angular velocity, 4 meaning the moment
of inertia about the axis of the pivots of the interior ring, of the
entire mass (ring and flywheel) which they support.

6. Our jointed structure, with the bars placed between the black
and white atoms,! carrying the gyrostatic pairs, is not now as

T [Actually red and blue atoms -K.F.S.}
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formerly without rigidity ; but it has an altogether peculiar rigidity,
which is not like that of ordinary elastic solids, of which the forces
of elasticity depend simply on the deformations which they suffer.
On the contrary, its forces depend directly on the absolute rotations
of the bars and only depend on the deformations, because these
are kinematic consequences of the rotations of the bars. This rela-
tion of the quasi-elastic forces with absolute rotation, is just that
which we require for the ether, and especially to explain the phe-
nomena of electro-dynamics and magnetism.

7. The structure thus constituted, though it has some interest as
showing a special kind of quasi-solid elasticity, due to rotation of
matter having no other properties but rigidity and inertia, does
not fulfil exactly the conditions of Art. xcix., § 14. The irrota-
tional distortion of the substance or structure, regarded as a ho-
mogeneous assemblage of double points, involves essentially rota-
tions of some of the connecting bars, and therefore requires a
balancing forcive. For the ‘ether’ of Art. xciv. no forcive must
be needed to produce any irrotational deformation: and any
displacement whether merely rotational, or rotational and defor-
mational, must require a constant couple in simple proportion to
the rotation and round the same axis. In a communication to the
Royal Society of Edinburgh of a year ago, I stated the problem
of constructing a jointed model under gyrostatic domination to
fulfil the condition of having no rigidity against irrotational de-
formations, and of resisting rotation, or rotational deformation,
with quasi-elastic forcive in simple proportion to rotation. I gave
a solution, illustrated by a model, for the case of points all in one
plane; but 1 did not then see any very simple three-dimensional
solution. After many unavailing efforts, I have recently found the
following.

8. Take six fine straight rods and six straight tubes all of the
same length, the internal diameter of the tubes exactly equal to
the external diameter of the rods. Join all the twelve together with
ends to one point P. Mechanically this might be done (but it would
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not be worth the doing), by a ball-and-twelve-socket mechanism.
The condition to be fuffilled is simply that the axes of the six rods
and of the six tubes all pass through one point P. Make a vast
number of such clusters of six tubes and six rods, and, to begin
with, place their jointed ends so as to constitute an equilateral
homogeneous assemblage of points P, P, ... each connected to
its twelve nearest neighbours by a rod of one sliding into a tube
of the other. This assemblage of points we shall call our primary
assemblage. The mechanical connections between them do not im-
pose any constraint: each point of the assemblage may be moved
arbitrarily in any direction, while all the others are at rest. The
mechanical connections exist merely for the sake of providing us
with rigid lines joining the points, or more properly rigid cylindric
surfaces having their axes in the joining lines. Make now a rigid
frame G of three rods fixed together at right angles to one another
through one point O. Place it with its three bars in contact with
the three pairs of rigid sides of any tetrahedron

(PPI’ Pf.’P.HI)’ (P If, PfllPl)’ (P flf, Pf!Pf),

of our primary assemblage. Place similarly other similar rigid
frames G, G, &c., on the edges of all the tetrahedrons congener
(Art. xcvil., § 13) to the one first chosen, the points O, &', 0’0"
&c. form a second homogeneous assemblage, related to the
assemblage of P's just as the reds are related to the blues in Art.
xevii., § 69.

9. The position of the frame G, that is to say its orientation
and the position of its centre O (six disposables) is completely
determined by the four points P, P!, P, P'". (Thomson and Tait's
Natural Philosophy, § 198, and Elements, § 168.) If its bars were
allowed to break away from contact with the three pairs of edges
of the tetrahedrons, we might choose as its six coordinates, the six
distances of its three bars from the three pairs of edges; but we
suppose it to be constrained to preserve these contacts. And now
let any one of the points P, P, P”, P’ or all of them be moved
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in any manner, the position of the frame G is always fully deter-
minate. This is illustrated by a model accompanying the present
communication, showing a single tetrahedron of the primary
assemblage and a single G frame. The edges of the tetrahedron are
of copper wires sliding into glass tubes. The wires and tubes are
provided with an eye or staple respectively, through which a ring
passes to hold three ends together at the corners. Two of the
rings have two glass tubes and one copper wire linked on each,
while the other two rings have each two copper wires and one
glass tube.

10. Returning now to our multitudinous assemblage, let it be
displaced by stretchings of all the edges parallel to PP’ with no
rotation of PP’ or PP, This constitutes a homogeneous irro-
tational deformation of the primary assemblage. The frames G,
G', &c. experience merely translatory motions without any rota-
tion, as we sce readily by confining our attention to G and the
tetrahedron PP', P"P"'. Consider similarly five other displace-
ments by stretchings parallel to the five other edges of the tetra-
hedron. Any infinitely small homogeneous deformation of the
primary assemblage (§ 8 above), may be determinately resolved
into six such simple stretchings, and any infinitely small rotational
deformations may be produced by the superposition of a rotation
without deformation, upon the irrotational deformation. Hence
an infinitely small homogeneous deformation of the primary as-
semblage without rotation, produces only translatory motion, no
rotation of the G frames: and any infinitely small homogeneous
displacement whatever of the primary assemblage, produces a
rotation of each frame equal to, and round the same axis as, its
own rotational component.

11. It now only remains to give irrotational stability to the G
frames. This may be done by mounting gyrostats properly upon
them according to the principle stated in §§ 3-5 above and Art.
cii. §§ 21-26 below. Three gyrostats would suffice but twelve may
be taken for symmetry and for avoidance of any resultant mo-
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ment of momentum of all the rotators mounted on one frame.
Instead of ordinary gyrostats with rigid flywheels we may take
liquid gyrostats as described below, § 12, and so make one very
small step towards abolishing the crude mechanism of flywheels
and axles and oiled pivots. But I chose the liquid gyrostat at present
merely because it is more easily described.

12. Imagine a hollow anchor ring, or tore, that is to say an
endless circular tube of circular cross-section. Perforate it in the
line of a diameter and fix into it tubes to guard the perforations
as shown in the accompanying diagram. Fill it with frictionless
liquid, and give the liquid irrotational circulatory motion as indi-
cated by the arrow heads in the diagram. This arrangement consti-
tutes the hydrokinetic substitute for our mechanical flywheel.
Mount it on a stiff diametral rod passing through the perforations,

FiG. 6.1

and it becomes the mounted gyrostat, or Foucault gyroscope,
required for our model. Looking back to §§ 34 above we see how
much its use would have simplified and shortened the descriptions
there given, which however was given purposely as they were
because they describe real mechanism by which the exigences of

5-N.CAT 14
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our model can be practically realised in a very interesting and
instructive manner, as may be seen in Art. cii., §§ 21-23 below.

13. Let XOX', YOY', ZOZ' be the three bars of the G frame:
mount upon each of them four of our liquid gyrostats, those on
XOX' being placed as follows and the others correspondingly. Of
the four rings mounted on XX’ two are to be placed in the plane
of YY’', XX, the other two in the plane of ZZ', XX". The circuital
fluid motions are to be in opposite directions in each pair.

14. The gyrostatic principle stated in § 5 above, applied to our
& frame, with the twelve liquid gyrostats thus mounted on it,
shows that if, from the position in which it was given with all the
rings at rest, it be turned through an infinitesimal angle i round
any axis, it requires, in order to hold it at rest in this altered po-
sition, & couple in simple proportion to i; and that this couple
remains sensibly constant, as long as the planes of all the gyrostats
have only changed by very small angles from parallelism to their
original directions. Hence with this limitation as to time our prim-
ary homogeneous assemblage of points controlled by the gyro-
statically dominated frames G, G' &c. fulfils exactly the condi-
tion stated for the ideal ether of § 14 of Art. xcix. If the velocity
of the motion of the liquid in each gyrostat be infinitely great, the
system exerts infinite resistance against rotation round any axis;
and if the bars and tubes constituting the edges of the tetrahedron,
and the bars of the G frames are all perfectly rigid, the primary
assernblage is incapable of rotation or of rotational deformation:
but if there is some degree of elastic flexural yielding in the edges
of the tetrahedron, or in the bars of the G frame, or in all of them,
the primary assemblage fulfils the definition of gyrostatic rigidity
of § 14 Art. xciv. without any limit as to time, that is to say with
perfect durability of its quasi-elastic rigidity.

15. A homogeneous assemblage of points with gyrostatic quasi
rigidity conferred upon it in the manner described in§§ 8-14 would,
if constructed on a sufficiently small scale, transmit vibrations of
light exactly as does the ether of nature: and it would be incapable
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of transmitting condensational-rarefactional waves, because it is
absolutely devoid of resistance to condensation and rarefaction. It
is in fact, a mechanical realisation of the medium to which I was
led one and a half years ago,’ from Green’s original theory, by
purely optical reasons, in endeavouring to explain resufts of observ-
ation regarding the refraction and reflection of light.

APPENDIX
Being article XCVII, §§ 66-70, of W. Thomson’s Math. and Phys. Papers,
iii. 425 ff.

§ 66. Try first to realise an incompressible elastic solid. When
this is done we shall see, by an inevitably obvious modification,
how to give any degree of compressibility we please without
changing the rigidity, and so to realise an elastic solid with any
given positive rigidity, and any given positive or negative bulk-
modulus (stable without any surface constraint, only when the
bulk-modulus is positive).

§ 67. To aid conception, make a tetrahedronal model of six
equal straight rods, jointed at the angular points in which three
meet, each having longitudinal elasticity with perfect anti-flexural
rigidity. These constitute merely an ideal materialisation of the
connection assumed in the Boscovich attractions and repulsions.
A very telling realisation of the system thus imagined is made by
taking six equal and similar bent bows and jointing their ends
together by threes. The jointing might be done accurately by a
ball and double socket mechanism of an obvious kind, but it
would not be worth the doing. A rough arrangement of six bows
of bent steel wire, merely linked together by hooking an end of
one into rings on the ends of two others, may be made in a few
minutes; and even its defects are not unhelpful towards a vivid
understanding of our subject. We have now an element of elastic

Y Philosophical Magazine, Nov. 1888, On the reflection and refraction of
light, by Sir W. Thomson.

14*
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solid which clearly has an essentially definite ratio of compressi-
bility to reciprocal of either of the rigidities (§ 27 above), each
being inversely proportional to the stiffness of the bows. Now we
can cbviously make this solid incompressible if we take a boss
jointed to four equal tie-struts, and joint their free ends to the
four corners of the tetrahedron; and we do not alter either of the
rigidities if the length of each tie-strut is equal to distance from
centre to corners of the unstressed tetrahedron. If the tie-struts
are shorter than this, their effect is clearly to augment the rigidities;
if longer, to diminish the rigidities. The mathematical investigation
proves that it diminishes the greater of the rigidities more than
it diminishes the less, and that before it annuls the less it equalises
the greater to it.

§ 68. If for the present we confine our attention to the case of
the tie-struts longer than the un-strained distance from centre to
corners, simple struts will serve; springs, such as bent bows,
capable of giving thrust as well as pull along the sides of the
teirahedron, are not needed: mere india-rubber elastic filaments
will serve instead, or ordinary spiral springs, and all the end-
jointings become much simplified. A realised model accompanies
this communication.

§ 69. The model being completed, we have two simple homo-
geneous Bravais assemblages of points; reds and blues, as we shall
call them for brevity; so placed that each blue is in the centre of
a tetrahedron of reds, and each red in the centre of a tetrahedron
of blues. The other tetrahedronal groupings (Molecular Tactics,
§§ 45, 60) being considered, each tetrahedron of reds is vacant
of blue, and each tetrahedron of blues is vacant of reds.t

t An interesting structure is suggested by adding another homogeneous
assemblage, marked green; giving a green in the centre of each hitherto vacant
tetrahedron of reds. It is the same assemblage of triplets as that described in
§ 24 above. It does not (as Iong as we have mere jointed struts of constant
length between the greens and reds) madify our rigidity-modulus, nor otherwise
help us at present, so, having inevitably noticed it, we leave it.
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§ 70. Imagine the springs removed and the struts left; but now
all properly jointed by fours of ends with perfect frictionless ball-
and-socket triple-joints. We have a perfectly non-rigid three-di-
mensional skeleton frame-work, analogous to idealised plane net-
ting consisting of stiff straight sides of hexagons perfectly jointed
in threes of ends, [Compare Art. C.,§ 2, below.]



7. ON THE ELECTROMAGNETIC THEORY
OF THE REFLECTION AND REFRACTION
OFLIGHT®

G. F. FITZGERALD

IN THE second volume of his “Electricity and Magnetism”, Pro-
fessor J. Clerk Maxwell has proposed a very remarkable electro-
magnetic theory of light, and has worked out the results as far as
the transmission of light through uniform crystalline and magnetic
media are concerned, leaving the questions of reflection and re-
fraction untouched. These, however, may be very conveniently
studied from his point of view.

If we call W the electrostatic energy of the medium, it may
be expressed in terms of the electromotive force and the electric
displacement at each point, as is done in Professor Maxwell’s
“Electricity and Magnetism”, vol. ii, part 4, ch. 9. I shall adopt
his notation, and call the electromotive force &, and its components
P, Q, R; and the electric displacement 9, and its components f,
& h. As several of the results of this Paper admit of a very elegant
expression in Quaternion notation, I shall give the work and results
in both Cartesian and Quaternion form, confining the German
letters to the Quaternion notation. Between these quantities, then,

* From the Philosaphical Transactions of the Roval Society (Pt. II, 1880:
Art. xix, p. 691). Communicated by G. J. Stoney, M.A., F.R.S., Secretary of the
Queen’s University in Ireland. Received 26 October, 1878. Read 9 January,
1879.
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we have the equation
W=—3 Uf SEDdx dy dz = 4 ”f (Pf+Qg+RA) dx dy dz.

Similarly, the kinetic energy T may be expressed in terms of the
magnetic induction B, and the magnetic force §, or their com-
ponents a, b, ¢, and a, 8, ¥, by the equation

T :_—81?5 JII SBH dx dy dz
- SLWJ'”(m+b5+cy) dx dy dz.

I shall at present assume this to be a complete expression for T,
and return to the case of magnetized media for separate treatment,
as Professor Maxwell has proposed additional terms in this case,
in order to account for their property of rotatory polarization,
I shall throughout assume the media to be isotropic as regards
magnetic induction, for the contrary supposition would enorm-
ously complicate the question, and be, besides, of doubtful phys-
ical applicability. For the present I shall not assume them to be
electrostatically isotropic. Hence € is a linear vector and self-
conjugate function of D, and consequently P, Q, R linear functions
of 1, g, h, so that we may write in Quaternion notation

E=¢D;

and if we call U the general symmetrical quadratic function of f,

g, h, we may assume
U =Ff+Qg+Rh,

and consequently

w:-%fff859¢®dxdydz=%ffodxdydz-

As the medium is magnetically isotropic, we have
B=uh, or a=px, b=yl c=uy,
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where p is the coefficient of magnetic inductive capacity, and
consequently the electrokinetic energy may be written

—%Jffiazdx dy dz = {J;fff(a%ﬁ“ﬁ) dx dy dz.

Now 1 shall assume the mediums to be non-conductors; and
although this limits to some extent the applicability of my results,
and notably their relation to metallic reflection, yet it is a necessity,
for otherwise the problem would be beyond my present powers
of solution. With this assumption, and using Newton’s notation
of i for dx/dt, we have the following equations (see “Electricily
and Magnetism”, vol. ii., § 619):—

4adD =V v,
using v for the operation
a’ d d
+J@+k
or the same in terms of its components, namely,
:_dy 48
o =y T
. dee  dy
8=
dmh = ﬁ—ﬁ
dy’

Assuming now a quantity  with components §, », {, such
that

ész.f)dt,

and consequently

R=9;
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or, in terms of the components,
é =, ’i] = ﬁ! f =%
we may evidently write
4ah =V VER,
d dy _dt & _dn dt
& 4 4h = D

ie., 4uf—» e Y=

50 that we have

w =“3—Iw”_[ S(V YR-$V vR) dx dy d,

T= -8% ffj R dx dy dz = ﬁSE:rz“ Iff (2242 +{H dx dy da.

Lagrange’s equations of motion may often be very conveniently
represented as the conditions that [(T—W)d¢ should be a mini-
mum, or, in other words, that

5J(T—W)dt=0,

and this method, from its symmetry, is particularly applicable
to the methods of Quaternions.



8. THE ROTATIONAL ETHER IN ITS
APPLICATION TO ELECTROMAGNETISM®

O. HEAVISIDE

ACCORDING to Maxwell’s theory of electric displacement, disturb-
ances in the electric displacement and magnetic induction are
propagated in a non-conducting dielectric after the manner of
motions in an incompressible solid. The subject is somewhat ob-
scured in Maxwell’s treatise by his equations of propagation con-
taining A, ¥, J, all of which are functions considerably remote from
the vectors which represent the state of the field, viz., the electric
and magnetic forces, and by some dubious reasoning concerning
¥ and J. There is, however, no doubt about the statement with
which I commenced, as it becomes immediately evident when we
ignore the potentials and use E or H instead, the electric or the
magnetic force,

The analogy has been made use of in more ways than one, and
can be used in very many ways. The easiest of all is to assume
that the magnetic force is the velocity of the medium, magnetic
induction the momentum, and so on, as is done by Prof. Lodge
(Appendix to “Modern Views of Electricity”). I have also used
this method for private purposes, on account of the facility with
which electromagnetic problems may be made ¢lastic-solid prob-
lems. I have shown that when impressed electric force acts it is
the curl or rotation of the electric force which is to be considered

* O. Heaviside Electromagnetic Theory, Dover edit: New York, 1950.
Originally published in the January, 1891 issue of The Electrician, 26, 360,
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as the source of the resulting disturbances. Now, on the assumption
that the magnetic force is the velocity in the elastic solid, we find
that the curl of the impressed electric force is represented simply
by impressed mechanical force of the ordinary Newtonian type.
This is very convenient.

But the difficulties in the way of a complete and satisfactory
representation of electromagnetic phenomena, by an elastic-
solid ether are insuperable. Recognising this, Sir W. Thomson
has recently brought out a new ether; a rotational ether. It is in-
compressible, and has no true rigidity, but possesses a quasi-rigidity
arising from elastic resistance to absolute rotation.

The stress consists partly of a hydrostatic pressure (which 1 shall
ignore later), but there is no distorting stress, and its place is taken
by a rotating stress. It gives rise to a translational force and a torque.
If E be the torque, the stress on any plane N (unit normal) is simply
VEN, the vector product of the torque and the normal vector.

The force is —curl E. We have therefore the equation of motion

— curlE = |uI'-I,
if H is the velocity and p the density. But, alas, the torque is pro-
portional to the rotation. This gives
curl H = cE,

where c¢ is the compliancy, the reciprocal of the quasi-rigidity.

Now these are the equations connecting electric and magnetic
force in a non-conducting dielectric, when g is the inductivity
and ¢ the permittancy. We have a parallelism in detail, not merely
in some particulars. The kinetic energy +pH? represents the mag-
netic energy, and the potential energy %CEZ the electric energy.
The vector-flux of energy is VEH, the activity of the stress.

"This mode of representation differs from that of Sir W. Thomson,
who represents magnetic force by rotation. This system makes
electric energy kinetic, and magnetic energy potential, which I do

not find so easy to follow.
Now let us, if possible, extend our analogy to conductors. Let
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the translational and the rotational motions be both frictionally
resisted, and let the above equations become

—curl E = gH+ uH,
curl H = kE+cE,

where g is the translational frictionality; k will be considered later.
We have now the equations of electric and magnetic force in a
dielectric with duplex conductivity, & being the electric and g the
magnetic conductivity (by analogy with electric force, but a fric-
tionality in our present dynamical analogy).

We have, therefore, still a parallelism in every detail. We have
waste of energy by friction gH? (translational) and kE? (rotational).
If g/u = k/c the propagation of disturbances will take place pre-
cisely as in a non-conducting dielectric, though with attenuation
caused by the loss of energy.

To show how this analogy works out in practice, consider a
telegraph circuit, which is most simply taken to be three co-axial
tubes. Let, A, B, and C be the tubes; A the innermost, C the outer-
most, B between them; all closely fitted. Let their material be the
rotational ether. In the first place, suppose that there is perfect
slip between B and its neighbours. Then, when a torque is applied
to the end of B (the axis of torque to be that of the tubes), and
circular motion thus given to B, the motion is (in virtue of the
perfect slip) transmitted along B, without change of type, at con-
stant speed, and without affecting A and C.

This is the analogue of a concentric cable, if the conductors
A and C be perfect conductors, and the dielectric B a perfect insu-
lator. The terminal torque corresponds to the impressed voltage.
It should be so distributed over the end of B that the applied force
there is circular tangential traction, varying inversely as the dis-
tance from the axis; like the distribution of magnetic force, in fact.

Now, if we introduce translational and rotational resistance
in B, in the above manner, still keeping the slip perfect, we make
the diclectric not only conducting electrically but also magnetically.
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This will not do. Abolish the translational resistance in B altogeth-
er, and let there be no slip at all between B and A, and B and C.
Let also there be rotational resistance in A and C.

We have now the analogue of a real cable: two conductors
separated by a third. All aré dielectrics, but the middle one should
have practically very slight conductivity, so that it is pre-eminently
a dielectric; whilst the other two should have very high conduc-
tivity, so that they are pre-eminently conductors. The three con-
stants, p, ¢, k, may have any value in the three tubes, but practically
k should be in the middle tube a very small fraction of what it is in
the others.

It is remarkable that the guasi-rotational resistance in A and
C should tend to counteract the distorting effect on waves of the
quasi-rotational resistance in B. But the two rotations, it should
be observed, are practically perpendicular, being axial or longi-
tudinal {now) in A and C, and transverse or radial in B; due to the
relative smallness of k in the middle tube.

To make this neutralising property work exactly we must transfer
the resistance in the tubes A and C to the tube B, at the same
time making it translational resistance. Also restore the slip. Then
we can have perfect annihilation of distortion in the propagation
of disturbances, viz., when k and g are so proportioned as to make
the two wastes of energy equal. In the passage of a disturbance
along B there is partial absorption, but no reflection.

But as regards the meaning of the above k there is a difficulty.
In the original rotational ether the torque varies as the rotation.
If we superadd a real frictional resistance to rotation we get an
equation of the form

. d

E = (a+b E) curl H,
E being (as before) the torque, and H the velocity. But this is not
of the right form, which is (as above)

d
curl H = (k+c —E)E’
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therefore some special arrangement is required (to produce the
dissipation of energy kE?), which does not obviously present itself
in the mechanics of the rotational ether.

On the other hand, if we follow up the other system, in which
magnetic force is allied with rotation, we may put g = 0, let — Ebe
the velocity and H the torque; g the compliancy, ¢ the density,
and k the translational frictionality. This gives

—curl E = uH
curl H = kE + ¢E.

We thus represent a homogeneous conducting dielectric, with a
translational resistance to cause the Joulean waste of energy. But
it is now seemingly impossible to properly satisfy the conditions
of continuity at the interface of different media. For instance, the
velocity —E should be continuous, but we do not have normal
continuity of electric force at an interface. In the case of the tubes
we avoided this difficulty by having the velocity tangential.

Either way, then, the matter is left, for the present, in animperfect
state.

In the general case, the d/d¢ of our equations should receive an
extended meaning, on account of the translational motion of the
medium. The analogy will, therefore, work out less satisfactorily.
And it must be remembered that it is only an analogy in virtue
of similitude of relations. We cannot, for instance, deduce the
Maxwellian stresses and mechanical forces on charged or currented
bodies. The similitude does not extend so far. But certainly the
new ether goes somewhat farther than anything known to me that
has been yet proposed in the way of a stressed solid.

[P.S.—The special reckonings of torque and rotation in the
above are merely designed to facilitate the elastic-solid and electro-
magnetic comparisons without unnecessary constants.]

PR

9. AETHER AND MATTER'

J. LARMOR

DYNAMICAL THEORY OF ELECTRICAL ACTIONS

Least Action, fundamental in General Dynamics

49. THE idea of deducing all phenomenal changes from a prin-
ciple of least expenditure of effort or action dates for modern
times, as is well known, from the speculations of Maupertuis.
The main illustration with which he fortified his view was Fermat’s
principle of least time for ray propagation in optics. This optical
law follows as a direct corollary from Huygens’ doctrine that
radiation is propagated by wave-motions. In Maupertuis” hands,
however, it reverted to the type of a dogma of least action in the
dynamical sense as originally enunciated vaguely by Descartes,
which Fermat’s statement of the principle as one of least time was
intended to supersede; under that aspect it was dypamically the
equally immediate corollary of the corpuscular theory of optical
rays which was finally adopted by Newton.

The general idea of Maupertuis at once attracted the attention
of mathematicians; and the problem of the exact specification of
the Action, so as to fulfil the minimum relation, was solved by
Euler for the case of orbits of particles. Shortly afterwards the

* Aderther and Matter, published by Cambridge University Press, Cambridge,
1900,
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solution was re-stated with greater precision, and generalized to
all material systems, by Lagrange (Mem. Taurin., 1760) in one of
his earliest and most brilliant memoirs, which constructed the algo-
rithm of the Calculus of Variations, and at the same time also laid
the foundation of the fundamental physical science of Analytical
Dynamics. The subsequent extensions by Hamilton of the Lagran-
gian analytical procedure involve, so far as interpretation has hith-
erto been enabled to go, rather fundamental developments in the
mathematical methods than new physical ideas,—except in the
weighty result that the mere expression of all the quantities of the
system as differential coefficients of a single characteristic function
establishes relations of complete reciprocity between them, and
also between the various stages, however far apart in time, of the
system’s progress.

It is now a well-tried resource to utilize the principle that every
dynamical problem can be enunciated, in a single formula, as a
variation problem, in order to help in the reduction to dynamics
of physical theories in which the intimate dynamical machinery is
more or less hidden from direct inspection. If the laws of any such
department of physics can be formulated in & minimum or varia-
tional theorem, that subject is thereby virtually reduced to the
dynamical type: and there remain only such interpretations, expla-
nations, and developments, as will correlate the integral that is the
subject of variation with the corresponding integrals relating to
known dynamical systems. These developments will usually take
the form of the tracing out of analogies between the physical sys-
tem under consideration and dynamical systems which can be
directly constructed to have Lagrangian functions of the same
kind: they do not add anything logically to the completeness and
sufficiency of the analytical specification of the system, but by
being more intuitively grasped by the mind and of more familiar
type, they often lead to further refinements and developments
which carry on our theoretical views into still higher and more
complete stages.
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Derivation of the Equations of the Electric Field from the Principle
of Least Action

50. It has been seen (§ 48) that the only effective method of
working out the dynamics of molecular systems is to abolish the
idea of force between the molecules, about which we can directly
know nothing, and to formulate the problem as that of the deter-
mination of the natural sequence of changes of configuration in the
system. If the individual molecules are to be permanent, the system,
when treated from the molecular standpoint, must be conservative;
so that the Principle of Least Action supplies a foundation certainly
wide enough, if only it is not beyond our powers of development.

We require first to construct a dynamical scheme for the free
aether when no material molecules are present, It is of course an
elastic medium : let us assume that it is practically at rest, and let
the vector (£, n, {) represent the displacement, elastic and other,
of its substance at the point (x, y, z) which arises from the strain
existing in it. We assume (to be hereafter verified by the resulis of
the analysis) for its kinetic energy T and its potential energy W the
expressions :

T =34 j @+ip+0Y do
W = %BIUe+g2+W) dr

in which &t denotes an element of volume, 4 and B are constants,
the former a constant of inertia, the latter a modulus of elasticity,
and in which (f; g, h) is a vector defined as regards its mode of
change! by the relation

Geh =g (5-2 & E D-2) o

dy dz’ dz dx’ dx dy

t This allows for the permanent existence, independently of & 0,5, of the
intrinsic acthereal displacement surrounding each electron. Cf. Appendix E.

S5—N.C.A.T. 15
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where the 4 is inserted in order to conform to the ordinary elec-

trical vsage.
This definition makes

so that (f, g, /) is a stream vector.
To obtain the dynamical equations of this medium, we have
to develop the variational equation

5I(T—W) @t =0,

subject to the time of motion being unvaried.

Now
5 f Tit = A J' dt f (EOE-+ 0B +£00) dr
- Al f (€85 + 60 +£80) dzi”
—4 f dt f (EdE +7i8n +8L) dr.
Also

o= & =)o ) )
-2 j {(ng—mh) 8 +(h—nf) -+ (mf —Ig) 82) dS

B dh dg df dn dg _df
J{- e (- 2o G
where (I, m, n) is the direction vector of the element of boundary
surface 3S.

In these reductions by integration by parts the aim has been as
usual to express dependent variations such as 8§, 46 /dy, in terms
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of the independent ones 8, &y, 60, This requires the introduction
of surface integrals: if the region under consideration is infinite
space, and the exciting causes of the disturbance are all at finite
distance from the origin, these surface integrals over an infinitely
remote boundary cannot in the nature of things be of influence
on the state of the system at a finite distance, and in fact it may
be verified that they give a null result: in other cases they rust
of course be retained.

On substitution in the equation of Action of these expressions
for the variations, the coefficients of 8£, dn, 60 must separately
vanish both in the volume integral and in the surface integral,
since &E, &7, 8, are perfectly independent and arbitrary both at
each element of volume dt and at each clement of surface 4S.
This gives, from the volume integral, the equations of vibration
0T wave-propagation

B jdh dg df dh dg df I
E(}E*_&E’ Sy 3;—3;) =—4(£4,8). D)

The systems of equations {I) and (II), thus arrived at, become
identical in form with Maxwell’s circuital equations which express
the electrostatic and electrodynamic working of free aether, if
(&, 7, {) represents the magnetic induction and (£, g, k) the acthereal
displacement ; the velocity of propagation is (4=)~! (B/A)%, so that
BjA = 16n%c? where c is the velocity of radiation. They are also
identical with MacCullagh’s optical equations, the investigation
here given being in fact due to him.

51. Now let us extend the problem to aether containing a system
of electrons or discrete electric charges. Each of these point-charges
determines a field of electric force around it: electric force must
involve aether-strain of some kind, as has already been explained:
thus an electric point-charge is a nucleus of intrinsic strain in the
acther. It is not at present necessary to determine what kind of
permanent configuration of strain in the aether this can be, if only
we are willing to admit that it can move or slip freely about through

i5e
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that medium much in the way that a knot slips along a rope: we
thus in fact treat an electron or point-charge of strength e as a
freely mobile singular point in the specification of the aethereal
strain (f, g, h), such that very near to it (f; g, /) assumes the form
e fd d dyl
4 (a’ & d—) rh

We can avoid the absolutely infinite values, at the origin of the
distance #, by treating the nucleus of the permanent strain-form
not as a point but as a very minute region:' this analytical artifice
will keep all the elements of the integrals of our analysis finite,
while it will not affect any physical application which considers
the electron simply as a local charge of electricity of definite
amount,

Now provided there is nothing involved in the electron except
a strain-form, no inertia or energy foreign to the aether residing
in its nucleus such as would prevent free unresisted mobility, as it is
perhaps difficult to see how there could be, the equations (I) and
(II) still determine the state of the field of aether, at any instant,
from its state, supposed completely known, at the previous instant:
and this determination includes a knowledge of the displacement
of the nucleus of each strain-form during the intervening element
of time. These equations therefore suffice to trace the natural
sequence of change in the complex medium thus constituted by
the aether and the nuclei pervading it. But if the nuclei had inertia
and mutual actions of their own, independent of the acther, there
would in addition to the continuous equations of motion of the
aether itself be dynamical equations of motion for each strain-
form as well, which would interact and so have to be combined
into continuity with the aethereal equations, and the problem would
assume a much more complex form: in other words, the complete
energy function employed in formulating the Principle of Least

t This substitution affects only the intrinsic molecular energy; cf. Phil. Trans.
1894 A, pp. 812-3.

LARMOR: AETHER AND MATTER 219

Action would also involve these other types of physical action,
if they existed.

52. But for purposes of the electrodynamic phenomena of mate-
rial bodies, which we can only test by observation and experiment
on matter in bulk, a complete atomic analysis of the kind thus
indicated would (even if possible) be useless; for we are unable
to take direct cognizance of a single molecule of matter, much
less of the separate electrons in the molecule to which this analysis
has regard. The development of the theory which is to be in line
with experience must instead concern itself with an effective differ-
ential element of volume, containing a crowd of molecules nu-
merous enough to be expressible continuously, as regards their
average relations, as a volume-density of matter. As regards the
actual distribution in the element of volume of the really discrete
electrons, all that we can usually take cognizance of is an excess
of one kind, positive or negative, which constitutes a volume
density of electrification, or else an average polarization in the
arrangement of the groups of electrons in the molecules which
must be specified as a vector by its intensity per unit volume:
while the movements of the electrons, free and paired, in such
element of volume must be combined into statistical aggregates
of translational fluxes and molecular whirls of electrification. With
anything else than mean aggregates of the various types that can
be thus separated out, each extended over the effective element
of volume, mechanical science, which has for its object matter in
bulk as it presents itself to our observation and experiment, is not
directly concerned: there is however another more abstract study,
that of molecular dynamics, whose province it is to form and test
hypotheses of molecular structure and arrangement, intended to
account for the distinctive features of the mechanical phenomena
aforesaid.

As the integral f({ﬂ- mg+nh) dS, extended over the boundary

of any region, no longer vanishes when there are electrons in that
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region, it follows that the vector (f; g, h) which represents the strain
or “electric displacement™ of the aether, is no longer circuital when
these individual electrons are merged in volume-densities, as they
are when we consider a material medium continuously distributed,
instead of merely the aether existing between its molecules; thus
the definition of the mode of change of aethereal ¢lastic displace-
ment namely

4a(f, g, ) = curl &, 9, ),

which held for free aether, would now be a contradiction in terms.
In order to ascertain what is to replace this definition, let us consider
the translation of a single electron e from a point Py to a neigh-
bouring point P,. This will cause an addition to the elastic strain
(f. & h) of the aether, represented by a strain-vector distributed
with reference to lines which begin at £, and end at P,, the addition
being in fact the electric displacement due to the doublet formed
by —e at Py and +e at P, This additional flux of electric displace-
ment from P, to P; along these lines is not by itself circuital; but
the circuits of the flux will be completed if we add to it a linear
flux of electricity of the same total amount e, back again from P,
to Pg along the line P, P,. If we complete in this way the fluxes of
aethereal electric displacement, due to the changes of position of all
the electrons of the system, by the fluxes of these rrue electric
charges through the aether, a new vector is obtained which we
may call the flux of the total electric displacement per unit volume;
and this vector forms a fundamentally useful conception from the
circnmstance that it is everywhere and always a circuital or stream
vector.

We may now express this result analytically : to the rate of change
of aethereal displacement (f, g, #} 67 in the element of volume v
there must be added X(ex, ey, ez), where (X, 3, £) is the velocity
of a contained electron e, in order to get a circuital result: the cur-
rent of aethereal electric displacement by itself is not circuital when
averaged with regard to this element of volume, but the so-called
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total current, made up of it, and of the true electric current formed
by the moving electrons, possesses that property.

Thus we have to deal, in the mechanical theory, with a more
complex problem: instead of only aethereal displacement we have
now two independent variables, acthercal displacement, and true
electric current or flux of electrons. In the molecular analysis,
on the other hand, the minute knowledge of aethereal displacement
between and around the electrons of the molecules involved that
of the movements of these elecirons or singularities themselves,
and there was only one independent variable, at any rate when
the singularities are purely aethereal. The transition, from the
complete knowledge of aether and individual molecules to the
averaged and smoothed out specification of the element of volume
of the complex medium, requires the presence of two independent
variables, one for the aether and one for the matter, instead of a
single variable only,

53. We may consider this fundamental explanation from a
different aspect. There are present in the medium electrons or
electric charges each of amount ¢, so that for any region Faraday’s
hypothesis gives

I(V+mg+nh) ds = Ze;

and therefore, any finite change of state being denoted by A,
A J. (If+mg+nh) dS is equal to the flux of electrons into the region

across the boundary. Thus for example

d
£ f (Uf+ mg+nh) dS :—f(luo+mvo+nwo) ds

in which (o, ¥o, wo) is the true electric current which is simply
this flux of electrons reckoned per unit time: hence transposing
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all the terms to the same side, we have for any closed surface

‘[(lu+mv+nw) ds = 1,

where (u, v, w) = (dffdt+uy, dgjdt+ve, dhjdt+wo).
This relation expresses that (i, ¥, w), the total current of Maxwell’s
theory, is circuital or a stream.

The true current (uo, vo, Wy} above defined includes all the pos-
sible types of co-ordinated or averaged motions of electrons,
namely, currents arising from conduction, from material polari-
zation and its convection, from convection of charged bodies,

54. We have now to fix the meaning to be attached to (&, #, £)
or (g, b, ¢) in a mechanical theory which treats only of sensible
elements of volume. Obviously it must be the mean value of this
vector, as previously employed, for the aether in each clement
of volume. With this meaning it is now to be shown that the curl
of (£, 7, £) is equal to 4z (4, v, w). We shall in fact see that for any
open geometrical surface or sheet S of sensible extent, fixed in
space, bounded by a contour s, Sir George Stokes’ fundamental
analytical theorem of transformation of a surface integral into a
line integral round its contour, must under the present circom-
stances assume the wider form
Tla? A f(g%w%ﬁ %) ds =n J.(If+mg+nli) dS+3 ()
where the symbol A represents the change in the integral which
follows it, produced by the motion of the system in any finite time,
and §§ represents the total flux of electrons through the fixed surface
S during that time. To this end consider two sheets S and 8" both
abutting on the same contour s: then as the two together form a
closed surface we have

[armesnn s [ aremgtmyds =2ze G

where Ze denotes the sum of the strengths of the electrons included

LA s mb s B
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between the sheets: in this formula the direction vectors (7', m’, n')
and (/, m, n) are both measured towards the same sides of the sur-
faces, which for the former 8" is the side away from the region
enclosed between them. Now if one of these included electrons
moves across the surface §’, the form of the integral for that surface
will be abruptly altered, an element of it becoming infinite at the
transition when the ¢lectron is on the surface; and this will vitiate
the proof of Stokes’ theorem considered as applying to the change
in the value of that surface integral. But the form of the integral
for the other surface, across which the electron has not penetrated,
will not pass through any critical stage, and Stokes' theorem will
still hold for the change caused in it. That is, for the latter surface
the equation (i) will hold good in the ordinary way without any
term such as §; and therefore by (ii), for the former surface, across
which electrons are taken to pass, the term % as above is involved.

The relation of Sir George Stokes, thus generalized, in which §
represents the total flux of electrons across the surface .S, leads
directly to the equation

curl (€, 4, £) = 4(f +uo, §+vo, hi+wo)

where the vectors now represent mean values throughout the ele-
ment of volume.

This relation holds, whether the sysiem of molecules contained
in the medium is magnetically polarized or not, for the transference
of magnetic polarity across the sheet S cannot add anything to
the electric flux through it: it appears therefore that in a case
involving magnetic polarization (£, #, {) represents what is called
the magnetic induction and not the magnetic force, which is also
in keeping with the stream character of the former vector. On the
other hand the change in the electric polarization (f’, g’, &) of the
molecules constitutes an addition A(f’, g', &) of finite amount
per unit area to the flux through the sheet, so that djdr (£, g, k)
constitutes a part of the true electric current (uo, v, wo).
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Chapter X

GENERAL PROBLEM OF MOVING MATTER TREATED
IN RELATION TO THE INDIVIDUAL MOLECULES

Formulation of the Problem

102. WE shall now consider the material system as consisting
of free aether pervaded by a system of electrons which are to be
treated individually, some of them free or isolated, but the great
majority of them grouped into material molecules: and we shall
attempt to compare the relative motions of these electrons when
they form, or belong to, a material system devoid of translatory
motion through the aether, with what it would be when a transla-
tory velocity is superposed, say for shortness a velocity » parallel
to the axis of x. The medium in which the activity occurs is for
our present purpose the free acther itself, whose dynamical equa-
tions have been definitely ascertained in quite independent ways
from consideration of both the optical side and the electrodynamic
side of its activity: so that there will be nothing hypothetical in our
analysis on that score. An electron e will occur in this analysis as a
singular point in the aether, on approaching which the elastic
strain constituting the aethereal displacement (f, g, /) increases
indefinitely, according to the type

—eldm-(djdx, didy, ddz)r:

it is in fact analogous to what is called a simple pole in the two-
dimensional representation that is employed in the theory of a
function of a complex variable. It is assumed that this singuiarity
represents a definite structure, forming a nucleus of strain in the
aether, which is capable of transference across that medium inde-
pendently of motion of the aether itself: the portion of the sur-
rounding aethereal strain, of which the displacement-vector (f, g, )
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is the expression, which is associated with the electron and is carried
along with the electron in its motion, being as above —efdn
X (djdx, didy, dfdz)r~1. 1t is to be noticed that the energy of this
part of the displacement is closely concentrated around the nucleus
of the electron, and not widely diffused as might at first sight
appear. The aethereal displacement satisfies the stream-condition

dfjdx+dg/dy+dhfdz = 0,

except where there are electrons in the effective element of volume:
these are analogous to the so-called sources and sinks in the abstract
theory of liquid flow, so that when clectrons are present the integral
of the normal component of the aethercal displacement over the
boundary of any region, instead of being null, is equal to the
quantity 2e of electrons existing in the region. The otber vector
which is associated with the aether, namely the magnetic induction
{(a, b, c), also possesses the stream property; but singular points
in its distribution, of the nature of simple poles, do not exist.
The motion of an electron involves however a singularity in (a, b, ¢),
of a rotational type, with its nucleus at the moving electron;! and
the time-average of this singularity for a very rapid minute steady

¥ Namely as the distance r from it diminishes indefinitely, the magnetic in-
duction tends to the form evr—2 sin 0, at right angles to the plane of the angle @
between r and the velocity v of the electron: this arises as the disturbance of
the medium involved in annulling the electron in its original position and
restoring it in the new position to which it has moved. The relations will
appear more ¢learly when visualized by the kinematic representation of Appen-
dix E; or when we pass to the limit in the formulae of Chapter ix relating to the
field of a moving charged body of finite dimensions.

The specification in the text, as a simple pole, only applies for an electron
moving with velocity », when terms of the order (v/c)® are neglected: otherwise
the acthereal field close around it is not isotropic and an amended specification
derivable from the formulae of Chapter ix must be substituted. In the second-
order discussion of Chapter xi this more exact form is implicitly involved, the
strength of the electron being determined (§ 111) by the concentration of the
acthereal displacement around it. The singularity in the magnetic field which
is involved in the motion of the electron, not of course an intringic one, has no
concentration,
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orbital motion of an electron is analytically equivalent, at distances
considerable compared with the dimensions of the orbit, to a mag-
netic doublet analogous to a source and associated equal sink.
Finally, the various parts of the aether are supposed to be sensibly
at rest, so that for example the time-rate of change of the strain
of any element of the aether is represented by differentiation with
respect to the time without any additional terms to represent the
change due to the element of acther being carried on in the mean-
time to a new position; in this respect the equations of the aether
are much simpler than those of the dynamics of fluid motion, being
in fact linear. The aether is stagnant on this theory, while the molec-
ules constituting the Earth and all other material bodies flit through
it without producing any finite flow in it; hence the law of the
astronomical aberration of light is rigorously maintained, and the
Doppler change of wave-length of radiation from a moving source
holds good; but it will appear that all purely terrestrial optical
phenomena are unaffected by the Earth’s motion.

103. Subject to this general explanation, the analytical equations
which express the dynamics of the field of free aether, existing
between and around the nuclei of the electrons, are

4n % (f.g. k) =curl(a, b, ¢

- -—g? (a, b, ¢) = dnc? curl (f, g, h),

in which the symbol curl (g, b, ¢) represents, after Maxwell, the
vector

(dc db da dc db da)

and in which c is the single physical constant of the aether, being
the velocity of propagation of elastic disturbances through it.
These are the analytical equations derived by Mazwell in his

LARMOR : AETHER AND MATTER 227

mathematical development of Faraday’s views as to an electric
medium: and they are the same as the equations arrived at by Mac-
Cullagh a quarter of a century earlier in his formulation of the
dynamics of optical media. It may fairly be claimed that the theoret-
ical investigations of Maxwell, in combination with the experi-
mental verifications of Hertz and his successors in that field, have
imparted to this analytical formulation of the dynamical relations
of free aether an exactness and precision which is not surpassed in
any other department of physics, even in the theory of gravitation.

Where a more speculative element enters is in the construction
of a kinematic scheme of representation of the aether-strain, such
as will allow of the unification of the various assumptions here
enumerated. It is desirable for the sake of further insight, and even
necessary for various applications, to have concrete notions of the
physical nature of the vectors (f, g, k) and (@, b, ¢) which specify
aethereal disturbances, in the form of representations such as will
implicitly and intuitively involve the analytical relations between
them, and will also involve the conditions and restrictions to which
each is subject, including therein the permanence and characteristic
properties of an electron and its free mobility through the aether.

104. But for the mere analytical development of the aether-
scheme as above formulated, a concrete physical representation of
the constitution of the aether is not required: the abstract relations
and conditions above given form a sufficient basis. In point of fact
these analytical relations are theoretically of an ideal simplicity for
this purpose: for they give explicitly the time-rates of change of
the vectors of the problem at each instant, so that from a know-
ledge of the state of the system at any time # the state at the time
{4 8f can be immediately expressed, and so by successive steps, or
by the use of Taylor’s differential expansion-theorem, its state at
any further time can theoretically be derived. The point that re-
quires careful attention is as to whether the solution of these

t See Appendix E.
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equations in terms of a given initial state of the system determines
the motions of the electrons or strain-nuclei through the medium,
as well as the changes of strain in the medium itseif: and it will
appear on consideration that under suitable hypotheses this is so.
For the given initial state will involve given motions of the elec-
trons, that is the initial value of (g, b, ¢) will involve rotational
singularities at the electrons around their directions of motion,
just such as in the element of time 8¢ will shift the electrons them-
selves into their new positions:* and so on step by step continually.
This however presupposes that the nucleus of the electron is quite
labile as regards displacement through the aether, in other words
that its movement is not influenced by any inertia or forces except
such as are the expression of its relation to the aether: we in fact
assume the completeness of the aethereal scheme of relations as
above given. Any difficulty that may be felt on account of the in-
finite values of the vectors at the nucleus itself may be removed,
in the manner customary in analytical discussions on attractions,
by considering the nucleus to consist of a volume distribution of
electricity of finite but very great density, distributed through a
very small space instead of being absolately concentrated in a
point: then the quantities will not become infinite. Of the detailed
structure of electrons nothing is assumed: so long as the actual
dimensions of their nuclei are extremely small in comparison with
the distances between them, it will suffice for the theory to consider
them as points, just as for example in the general gravitational
theory of the Solar System it suffices to consider the planets as
attracting points. This method is incomplete only as regards those
portions of the energy and other quantities that are associated with
the mutnal actions of the parts of the electron itself, and are thus
molecularly constitutive,

105. Tt is to be observed that on the view here being developed,
in which atoms of matter are constituted of aggregations of elec-

t Cf. footnote, p. 162. [p. 225 in this version —-K.F.S.]
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trons, the only actions between atoms are what may be described
as electric forces. The electric character of the forces of chemical
affinity was an accepted part of the chemical views of Davy, Ber-
zelius, and Faraday; and more recent discussions, while clearing
away crude conceptions, have invariably tended to the strengthen-
ing of that hypothesis. The mode in which the ordinary forces of
cohesion could be included in such a view is still quite undeveloped.
Difficulties of this kind have however not been felt to be funda-
mental in the vortex-atom illustration of the constitution of matter,
which has exercised much fascination over high authorities on
molecular physics: yet in the concrete realization of Maxwell’s
theory of the aether above referred to, the atom of matter possesses
all the dynamical properties of a vortex ring in a frictionless fluid,
so that everything that can be done in the domain of vortex-ring
illustration is implicitly attached to the present scheme. The fact
that virtually nothing has been achieved in the department of forces
of cohesion is not a valid objection to the development of a theory
of the present kind. For the aim of theoretical physics is not a
complete and summary conquest of the modus operandi of natural
phenomena: that would be hopelessly unattainable if only for the
reason that the mental apparatus with which we conduct the search
is itself in one of its aspects a part of the scheme of Nature which
it attempts to unravel. But the very fact that this is so is evidence
of a correlation between the process of thought and the processes
of external phenomena, and is an incitement to push on further
and bring out into still clearer and more direct view their inter-
connexions. When we have mentally reduced to their simple ele-
ments the correlations of a large domain of physical phenomena,
an objection does not lie because we do not know the way to push
the same principles to the explanation of other phenomena to
which they should presumably apply, but which are mainly beyond
the reach of our direct examination,

The natural conclusion would rather be that a scheme, which
has been successful in the simple and large-scale physical pheno-
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mena that we can explore in detail, must also have its place, with
proper modifications or additions on account of the difference of
scale, in the more minute features of the material world as to
which direct knowledge in detail is not available. And in any case,
whatever view may be held as to the necessity of the whole complex
of chemical reaction being explicable in detail by an efficient phys-
ical scheme, a limit is imposed when vital activity is approached :
any complete analysis of the conditions of the latter, when merely
superficial sequences of phenomena are excluded, must remain out-
side the limits of our reasoning faculties. The object of scientific
explanation is in fact to coordinate mentally, but not to exhaust,
the interlaced maze of natural phenomena: a theory which gives
an adequate correlation of a portion of this field maintains its
place until it is proved to be in definite contradiction, not removable
by suitable modification, with another portion of it.

Application to moving Material Media: approximation up to
first order

106. We now recall the equations of the free aether, with a view
to changing from axes (x, y, z) at rest in the aether to axes xy,2)
moving with translatory velocity o parallel to the axis of x: so as
thereby to be in a position to examine how phenomena are altered
when the observer and his apparatus are in uniform motion through
the stationary acther. These equations are

df dc b nyda dh dg
YETHTE B Tl e
dg _da dec 1 db df dh
Ya T E I I Tl b
dh  db da dh dg df
ar__sw_ce - -1 _ % _ 9
i el P W) T =&

When they are referred to the axes (x', 3, 2’) in uniform motion, so
that (x', ', 2') = (x—v1,,2), ¥ = t, then d/dx, d/dy, d/dz become

LARMOR : AETHER AND MATTER 231

didx’', d{dy’, d{dz', but d/dt becomes d/dt' - vd/dx’: thus

a _ d’ & (e B _ A g’
N T T e 5 = dy’

b _di _dc tneryr o _ &
Nl T U@ = &7 @

di _ db da ey de _ dg A
N il G T =
where

(@, ¥, ) = (a, b+4dnvh, c—4nvg)

o v v
(f,g,h)_(f,g o & s b).

We can compiete the elimination of (f, g, &) and (a, b, ¢) so that
only the vectors denoted by accented symbols shall remain, by
substituting from these latter formulae: thus

’ v ’
8 =8 + 45 (' +dmug),

[
so that 8—18’ =g'+2n—cz——c s

where ¢ is equal to (1—v%/c?)74, and exceeds unity;

’ r ”
and b=20b —4mv(h ~ A b)
so that e~ 1b = b —davk’;

giving the general relations

s Ya, b, c) = (g7, b —dnvl', ¢’ +4nvg")
v

’ r v ? r ]
e e h) = (e‘lf, gt ¢ h ‘%—cab)‘

5-N.CAT. 16



232 NINETEENTH-CENTURY AETHER THEORIES

Hence
df’ de’  db
4o ar T dy dr

4z dg’ = ia—'—(i.;__ﬂ_si)cr
dr’ az dx’ et T dr’
4::5% = (%'F‘%E%)b’—%:—
~n) e = o= (Gt e )Y
e R L AT o

Now change the time-variable from ¢ to ", equal to £ — (v/c%)ex’;

this will involve that
d v d
wtEt
is replaced by d/dx’, while the other differential operators remain
unmodified ; thus the scheme of equations reverts to the same type
as when it was referred to axes at rest, except as regards the factors
¢ on the left-hand sides.

107. It is to be observed that this factor ¢ only differs from unity
by (v/c)?, which is of the second order of small quantities; hence
we have the following correspondence when that order is neglected.
Consider any aethereal system, and let the sequence of its spon-
taneous changes referred to axes (x', ', z') moving uniformly
through the aether with velocity (v, 0, 0} be represented by values
of the vectors ([, g, ) and (a, b, ¢) expressed as functions of x', ', 2’
and ¢, the latter being the time measured in the ordinary manner:
then there exists a correlated aethereal system whose sequence of
spontaneous changes referred to axes (x', ', 2°) at rest are such
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that its electric and magnetic vectors (f”, g', &') and (a', &', ¢’) are
functions of the variables x', y', z’ and a time-variable ¢, equal to
t'—{v/c®)x’, which are the same as represent the quantities

v v
(f’ g dnct & ht 4mc? b)
and (a, b+4nvh, c—4mvg)

belonging to the related moving system when expressed as func-
tions of the variables x’, 3, z and /.

Conversely, taking any aethereal system at rest in the aether, let
the sequence of its changes be represented by (f7, g’, k) and (a', V',
') expressed as functions of the co-ordinates (x, y, z) and of the
time #'. In these functions change # into #— (v/c®)x: then the result-
ing expressions are the values of

v v
(f’ g O M e b)’
and (a, b+4nvh, c —4mvg),

for a system in uniform motion through the aether, referred to
axes (x, y, z) moving along with it, and to the time ¢. In comparing
the states of the two systems, we have to the first order

df @ v df
ax cqualto —p—a &
d v dg’'
@ (g—~4 ey c) equal to o
d v dh’
v (h +m b) equal to =

hence bearing in mind that for the system at rest

dcl db! _ ‘#'I
& E T ar
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or, what is the same,

dc’ db’_4 (df’ df’),

dy dz \ar TV dx
we have, to the first order,

df dg dhh dff dg dW

tete~wtey @
Thus the electrons in the two systems here compared, being situated
at the singular points at which the concentration of the electric
displacement ceases to vanish, occupy corresponding positions.
Again, these electrons are of equal strengths: for, very near an
electron, fixed or moving, the values of (£, g, k) and (a, b, ¢) are
practically those due to it, the part due to the remainder of the
system being negligible in comparison: also in this correspondence
the relation between (f, g, #) and the accented variables is, by
§ 106

- _ —1£* o o ¢ . v ry.
L8 B) = (58 oy € Kyt b);

hence, since for the single electron at rest (¢’, ¥, ¢’) is null, we
have, very close to the correlative electron in the moving system,
(£, & h) equal to (f’, &g’, el'), where &, being (1 —12/c?)™, differs
from unity by the second order of small quantities. Thus neglecting
the second order, (£, g, k) is equal to (f, g, #') for corresponding
points very close to electrons; and, as the amount of electricity
inside any boundary is equal to the integral of the normal compo-
nent of the aethereal displacement taken over the boundary, it
follows by taking a very contracted boundary that the strengths of
the corresponding electrons in the two systems are the same, to
this order of approximation.

108. It is to be observed that the above analytical transformation
of the equations applies to any isotropic dielectric medium as well
as to free aether: we have only to alter ¢ into the velocity of radia-
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tion in that medium, and all will be as above. The transformation
will thus be different for different media. But we are arrested if we
attempt to proceed to compare a moving material system, treated
as continuous, with the same system at rest; for the motion of the
polarized dielectric matter has altered the mathematical type of the
electric current. It is thus of no avail to try to effect in this way a
direct general transformation of equations of a material medium
in which dielectric and conductive coefficients occur.

109. The correspondence here established between a system re-
ferred to fixed axes and a system referred to moving axes will
assume a very simple aspect when the former system is a steady
one, so that the variables are independent of the time. Then the
distribution of electrons in the second system will be at each in-
stant precisely the same as that in the first, while the second system
accompanies its axes of reference in their uniform motion through
the aether. In other words, given any system of electrified bodies
at rest, in eguilibrivm under their mutual electric influences and
imposed constraints, there will be a precisely identical system in
equilibrium under the same constraints, and in uniform transiatory
motion through the aether. That is, uniform translatory motion
through the aether does not produce any alteration in electric
distributions as far as the first order of the ratio of the velocity of
the system to the velocity of radiation is concerned. Various cases
of this general proposition will be verified subsequently in con-
nexion with special investigations,

Moreover this result is independent of any theory as to the nature
of the forces between material molecules: the structure of the
matter being assumed unaltered to the first order by motion
through the aether, so too must be all electric distributions. What
has been proved comes to this, that if any configuration of jonic
charges is the natural one in a material system at rest, the mainte-
nance of the same configuration as regards the system in uniform
motion will not require the aid of any new forces. The electron
taken by itself must be on any conceivable theory a simple singular-
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ity of the aether whose movements when it is free, and interactions
with other electrons if it can be constrained by matter, are trace-
able through the differential equations of the surrounding free
aether alone: and a correlation has been established between these
equations for the two cases above compared. It is however to be
observed (cf. § 99) that though the fixed and the moving system of
electrons of this correlation are at corresponding instants identical,
yet the electric and magnetic displacements belonging to them differ

by terms of the first order.

Chapter XI

MOVING MATERIAL SYSTEM: APPROXIMATION
CARRIED TO THE SECOND ORDER

110. The results above obtained have been derived from the
correlation developed in § 106, up to the first order of the small
quantity v/c, between the equations for aethereal vectors here
represented by (f', g, #') and (a’, ¥’ ¢') referred to the axes (x',
¥, ') at rest in the aether and a time ¢’, and those for related
aethereal vectors represented by (f; g, #) and (g, b, ¢) referred to
axes (x', ', ') in uniform translatory motion and a time #. But we
can proceed further, and by aid of a more complete transformation
institute a correspondence which will be correct to the second order.
Writing as before ¢’ for £ —(v/c?ex’, the exact equations for
(f; & k) and (g, b, ¢) referred to the moving axes (x, ¥, z') and time
¢’ are, as above shown, equivalent to

4" dd ay oy dd W dg
Ml Ll T U™ & = @ " dr

dg _da  dc LA d
i il S T A
41;3..%.. = ﬂ da —(4?L'C2)—18 de — dg df

T dx dy a” T A Ty
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Now write

1
(x1, y1, z1)  for (six’, ¥, 2’)
_1 _1
(az, b1, c1) for (s 2, b, c’) or (s *a, +4nvh, c——4owg)

(fu g1, h)  for (e"f', g, h')

or E_%fg— d ¢, h+ ® b
* 4nc? 7 4mc?

K

dt,  for £t dt’ or s_i(dt'—% edx’),

where ¢ = (1 —2%/c?)™1; and it will be seen that the factor ¢ is
absorbed, so that the scheme of equations, referred to moving
axes, which connects together the new variables with subscripts, is
identical in form with the Maxwellian scheme of relations for the
aethereal vectors referred to fixed axes. This transformation, from
{x’, ¥, 2’} to (x1, y1, z1) as dependent variables, signifies an elonga-
tion of the space of the problem in the ratio et along the direction
of the motion of the axes of coordinates. Thus if the values of
{ f1, g1, 1) and (a1, by, €1) given as functions of x1, y1, 21, #1 €Xpress
the course of spontaneous change of the aethereal vectors of a
system of moving electrons referred to axes (xi, y1, z1) at rest in
the aether, then

-1 v v
(s f’g-4n:cz “ h+4m?2 b)

_1
and (_s *a, b+dmnvh, c—4nvg),
expressed by the same functions of the variables
: SRS
3 4 ’
ex,y, 2, & t—-z—z—sx',
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will represent the course of change of the aethereal vectors (f, g, )
and (g, b, ¢) of a correlated system of moving electrons referred to
axes of (x', »", z') moving through the aether with uniform trans-
latory velocity (v, 0, 0). In this correlation between the courses
of change of the two systems, we have

1
d(€, Y. ) equal to a9 —-%« LY .
dlex’) dxy ¢ dy
d v dgl
ay (g-—- ym—s c) equal to o

d v
?(h+ﬁn—c‘=b) equal to Z

Ecu db df dar
where & dZ 4”( dr 3}*)
and also % = %;
1

hence

A de b v o

dx dy'  dz ( ar dx' )
. df 1 dg 1 dhl l? df
18 equal to dx1 T dy1 dZ], dt

so that, up to the order of (v/c)? inclusive,

j£+f§m+dh_ dfl dgy | dhy
dx' " dy'  dZ dyy dz,
Thus the conclusions as to the corresponding positions of the
electrons of the two systems, which had been previously established
up to the first order of ¥/c, are true up to the second order when
the dimensions of the moving system are contracted in comparison

_1
with the fixed system in the ratio ¢ f, or 1—1u?/c?, along the
direction of its motion.
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111i. The ratio of the strengths of corresponding electrons in
the two systems may now be deduced just as it was previously when
the discussion was confined to the first order of ¥/c. For the case
of a single electron in uniform motion the comparison is with a
single electron at rest, near which (ay, b1, ¢1) vanishes so far as it
depends on that electron: now we have in the general correlation

v
g = gl+m ((.‘1+4.‘.'!Ug),

hence in this particular case
1
(g, k) = (g1, b1), while f=¢&fs.

But the strength of the electron in the moving system is the value
of the integral

J' J' (fdy d2 +gds dx'+h dx’ dy')

extended over any surface closely surrounding its nucleus; that is
here

% fj. (_fl dyl d21+g1 dzy dx,+hy dxy d}’1),

so that the strength of each moving electron is &1 times that of the
correlative fixed electron. As before, no matter what other electrons
are present, this argument still applies if the surface be taken to
surround the electron under consideration very closely, because
then the wholly preponderating part of each vector is that which
belongs to the adjacent electron.t

112. We require however to construct a correlative system de-
void of the translatory motion in which the strengths of the elect-

t This result follows more immediately from § 110, which shows that
corresponding densities of electrification are equal, while corresponding vol-

1 .
umes are as £¢ to unity.
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rons shall be equal instead of proportional, since motion of a
material system containing electrons cannot alter their strengths.
The principle of dynamical similarity will effect this.

We have in fact to reduce the scale of the electric charges, and

therefore of

daf dg dh
'a‘!"b?y"*'zy

1
in a system at rest in the ratio £ %. Apply therefore a transforma-
tion
(x’ ¥s Z) = k(xls J1, zl)’ t = hl)

(a, b, ¢) = Hay, b, c1), (f; & K) = £ k(Fi, g1, h);

and the form of the fundamental circuital aethereal relations will not
be changed provided k =/ and # = ¢ *k. Thus we may have k

1
and 7 both unity and 4 = ¢ ¥; so that no further change of scale
in space and time is required, but only a diminution of (a, b, ¢)
1

in the ratio & 2.

We derive the result, correct to the second order, that if the in-
ternal forces of a material system arise wholly from electrodynamic
actions between the systems of electrons which constitute the atoms,
then an effect of imparting to a steady material system a uniform
velocity of transtation is to produce a uniform contraction of the

system in the direction of the motion, of amount e_% or l— %vﬂ fc2,
The electrons will occupy corresponding positions in this contract-
ed system, but the aethereal displacements in the space around
them will not correspond: if (f, g, &) and (g, b, ¢) are those of the
moving system, then the ¢lectric and magnetic displacements at
corresponding points of the fixed systems will be the valuves that
the vectors

17 3 v v
A8 g "*m”)
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and s% (s"%a, b+4nvh, ¢ —4nvg)

had at a time const.+ vx/c? before the instant considered when

the scale of time is enlarged in the ratio s%.

As both the electric and magnetic vectors of radiation lie in the
wave-front, it follows that in the two correlated systems, fixed and
moving, the relative wave-fronts of radiation correspond, as also
do the rays which are the paths of the radiant energy relative to
the systems. The change of the time variable, in the comparison
of radiations in the fixed and moving systems, involves the Doppler
effect on the wave-length.

The Correlation between a stationary and a moving Medium,
as regards trains of Radiation
113. Consider the aethereal displacement given by
(fl, g1, hl) = (Ls M: N) F(lx1+mYI+nZ1 “'Pt),
which belongs to a plane wave-train advancing, along the dircc-
tion (/, m, n) with velocity V, or ¢/u where u is refractive index,
equal to
1

p(R+mi+n?)E,
in the material medium at rest referred to coordinates (x;, }1, z1).
In the corresponding wave-train relative to the same medium in
motion specified by coordinates (x, y, z), and considered as shrunk
in the above manner as a result of the motion, the vectors (f, g, h)
and (a, b, ¢) satisfy the relation

16 .2 v v
(e e gma b+ )

=(L, M, N)F{!8%x+my+nz-—ps_%(t——?v2— ex)}

1

=L, M, N)F{(t’s?-i-i—z s%)x+my+nz—Ps‘%:} .
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As the wave-train in the medium at rest is one of transverse displa-
cement, so that the vectors (fy, g1, 1) and (as, by, €1) are boih in
the wave-front, the same is therefore true for the vectors (f, g, )
and (g, b, c¢) in the correlative wave-train in the moving system, as
was in fact to be anticipated from the circuital quality of these
vectors: the direction vector of the front of the latter train is pro-
portional to

1
(Is—: + i—: £2, m, n),

and its velocity of propagation is
1

9 2
Pa_%/[(ls%-#iz a:“) +m2+n2} .

Thus, when the wave-train is travelling with velocity V" along the
direction of translation of the material medium, that is along the
axis of x so that m and » are null, the velocity of the train relative
to the moving medivm is

Vs‘l/(l +-V;’) ,
C:

which is, to the second order,

o2 Vo v 1 Iy v

The second term in this expression is the Fresnel effect, and the
remaining term is its second order correction on our hypothesis
which includes Michelson’s negative result.

In the general correlation, the wave-length in the train of radia-
tion relative to the moving material system differs from that in
the corresponding train in the same system at rest by the factor

(1+21%';-) ., or 1—Ivfuc,

a2y

where [ is the cosine of the inclination of the ray to the direction
of »; it is thus shorter by a quantity of the first order, which rep-
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resents the Doppler effect on wave-length because the period is the
same up to that order.

When the wave-fronts relative to the moving medium are tra-
velling in a direction making an angle &', in the plane xy so that
n is null, with the direction of motion of the medium, the velocity
¥V’ of the wave-train (of wave-length thus altered) relative to the
medium is given by

2 |-

cos 0 le  wve sin §' mes

where (2+m®)/p? = V2, Thus

=

e lcos® o \%2 e lgin?f 1
(— ) T = E

so that neglecting (v/C),
v 1 2
r_y_ S (l—p o 2 g
V=V pe cos 6 2(1 I ).uc {(1+3cos? @),

where ¢ = ¢/V, of which the last term is the general form of the
second order correction to Fresnel’s expression. In free aether, for
which ¢ is unity, this formula represents the velocity relative to
the moving axes of an unaltered wave-train, as it ought to do.

As (f, g, h) and (a, b, ¢) are¢ in the same phase in the free trans-
parent aether, when one of them is null so is the other: hence in
any experimental arrangement, regions where there is no disturb-
ance in the one system correspond to regions where there is no
disturbance in the other. As optical measurements are usually
made by the null method of adjusting the apparatus so that the
disturbance vanishes, this result carries the general absence of
effect of the Earth’s motion in optical experiments, up to the sec-
ond order of small quantities.
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Influence of translatory motion on the Structure of a Molecule:
the law of Conservation of Mass

114. As a simple illustration of the general molecular theory, let
us consider the group formed of a pair of electrons of opposite
signs describing steady circular orbits round each other in a posi-
tion of rest:! we can assert from the correlation, that when this
pair is moving through the aether with velocity » in a direction
lying in the plane of their orbits, these orbits relative to the trans-
latory motion will be flattened along the direction of v to ellipticity
1——}@2/02, while there will be a first-order retardation of phase in
each orbital motion when the electron is in front of the mean posi-
tion combined with acceleration when behind it so that on the
whole the period will be changed only in the second-order ratio
1+ 19#/c2. The specification of the orbital modification produced
by the translatory motion, for the general case when the direction
of that motion is inclined to the plane of the orbit, may be made
similarly : it can also be extended to an ideal molecule constituted of
any orbital system of electrons however complex. But this state-
ment implies that the nucleus of the electron is merely a singular
point in the acther, that there is nothing involved in it of the nature
of inertia foreign to the aether: it also implies that there are no
forces between the electrons other than those that exist through
the mediation of the aether as here defined, that is other than
electric forces.

The circumstance that the changes of their free periods, arising
from convection of the molecules through the aether, are of the
second order in ¥/c, is of course vital for the theory of the spectro-
scopic measurement of celestial velocities in the line of sight. That
conclusion would however still hold good if we imagined the mo-
lecule to have inertia and potential energy extraneous to (i.e. un-
connected with) the aether of optical and electrical phenomena,

t The orbital velocities are in this iilustration supposed so small that radi-
ation is not important. Cf. § 151-6 infra.
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provided these properties are not affected by the uniform motion: for
the aethereal ficlds of the moving electric charges, free or con-
strained, existing in the molecule, will be symmetrical fore and aft
and unaltered to the first order by the motion, and therefore a
change of sign of the velocity of translation will not affect them,
so that the periods of free vibration cannot involve the first power
of this velocity.

115. The fact that uniform motion of the molecule through the
aether does not disturb its constitution to the first order, nor the
aethereal symmetry of the moving system fore and aft, shows that
when steady motion is established the mean kinetic energy of the
system consists of the internal energy of the molecule, which is
the same as when it is at rest, together with the sum of the energies
belonging to the motions of translation of its separate electrons.
This is verified on reflecting that the disturbance in the aether is
made up additively of those due to the internal motions of the
electrons in the molecule and those due to their common velocity
of translation. Thus in estimating the mean value of the volume-
integral of the square of the aethereal disturbance, which is the
total kinetic energy, we shall have the integrated square of each of
these disturbances separately, together with the integral of terms
involving their product. Now one factor of this product is constant
in time and symmetrical fore and aft as regards each electron,
that factor namely which arises from the uniform translation; the
other factor, arising from the orbital motions of the electrons, is
oscillatory and symmetrical in front and rear of each orbit: thus
the integrated product is by symmetry null. This establishes the
result stated, that the kinetic energy of the moving molecule is
made up of an internal energy, the same up to the first order of
the ratio of its velocity to that of radiation as if it were at rest,
and the energy of translation of its electrons. The coefficient of
half the square of the velocity of translation in the latter part is
therefore, up to that order, the measure of the inertia, or mass, of
the melecule thus constituted. Hence when the square of the ratio
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of the velocity of translation of the molecule to that of radiation
is neglected, its electric inertia is equal to the sum of those of the
electrons which compose it; and the fundamental chemical law of
the constancy of mass throughout molecular transformations is
verified for that part of the mass (whether it be all of it or not) that
is of electric origin.

116. Objection has been taken to the view that the whole of the
inertia of a molecule is associated with electric action, on the
ground that gravitation, which has presumably no relations with
such action, is proportional to mass: it has been suggested that
inertia and gravity may be different results of the same cause. Now
the inertia is by definition the coefficient of half the square of the
velocity in the expression for the translatory energy of the molecule:
in the constitution of the molecule it is admitted, from electrolytic
considerations, that electric forces or agencies prevail enormously
over gravitative ones: it seems fair to conclude that of its energy
the electric part prevails equally over the gravitative part: but this
is simply asserting that inertia is mainly of electric, or rather of
aethereal, origin. Moreover the increase of kinetic electric energy
of an electron arising from its motion with velocity ¢ depends on
#?/c?, on the coefficient of inertia of the aether, and on the dimen-
sions of its nucleus, where cis the velocity of radiation : the increase
of its gravitational energy would presumably in like manner depend
on ©*/c’?, where ¢’ is the velocity of propagation of gravitation
and is enormously greater than ¢. On neither ground does it appear
likely that mass is to any considerable degree an attribute of gra-
vitation.

10. AN INGUIRY INTO ELECTRICAL AND
OFTICAL PHENOMENA IN MOVYING
BODIES*

H. A. LorentZ

Introduction

§ 1. No answer satisfactory to all physicists has yet been found
to the question whether or not the ether takes part in the move-
ment of ponderable bodies.

To make a decision one must in the first instance rely on the
aberration of light and the phenomena connected with it. How-
ever, so far neither of the two competing theories, either that of
Fresnel or that of Stokes, have been completely successful with
respect to all observations. Thus the choice between the two views
must be made by weighing the remaining difficulties of one against
those of the other. This is the way in which I came to the opimion
quite some time ago that Fresnel's idea, hypothesizing a metion-
less ether, is on the right path. Of course, hardly more than one
objection can be raised against the theory of Mr. Stokes, namely
that his assumptions about the movement of the ether taking place
in the neighbourhood of the earth contradict themselves.! How-

* Published by Brill, Leyden, 1895.

?‘Lorcutz, De I'influence du mouvement de la terre sus les phénomanes
lumineux. Arch. néerl. 21, 103 (1887); Lodge, Aberation problems, Lordon
Pll_d. Trans. (A), 184, 727 (1893); Lorentz, De aberratigtheoric van Stokes,
Zittingsverslagen der Akad. v. Wer. te Amsterdam, 97 (1892-3),
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ever, that is a very weighty objection and I really cannot see how
one can eliminate it.

Difficulties arise for the Fresnel theory in connection with the
well known interference experiment of Mr. Michelson' and accord-
ing to the opinion of some, also through the experiments with
which Mr. Des Coudres has tried in vain to prove the influence
of the movement of the earth on the mutual induction of two
circuits.} The tesults of the American scientist, however, can be
explained with the aid of an auxiliary hypothesis and those _found
by Mr. Des Coudres can even be explained quite easily without
such an auxiliary hypothesis.

As regards the observations of Mr. Fizean® on the rotation of
the plane of polarization in glass columns, that is another matter.
At first glance, the result goes definitely against Stokes’ theory.
But when I attempted to develop Fresnel's theory further I also
encountered difficulties in explaining Fizeau’s experiments, and so
I came gradually to suspect that the result of the experiments arose
out of observational errors, or at least that the result did not cor-
respond with the theoretical considerations on which the experi-
ments were based. Mr. Fizeau has been kind enough to notify my
colleague Mr. van de Sande-Bakhuizen, on the latter’s inquiries,
that at present he himself does not consider his observations to be
decisive anymore.

In the course of this work I will return to the here mentiom?d
questions in more detail. At the moment I am only interested 1n
justifying for the time being the point of view which I have taken.

Several well known reasons can be cited in support of the Fresnel
theory. First of all there is the impossibility of confining the et]?er
between solid or liquid walls. As far as we know, a space confain-

1 Michelson, American Joumal of Science (3), 22, 120; 34, 333 (1887); Phil.
Mag. (5), 24, 449 (1887).

i Des Coudres, Wied. Ann. 38, 71 (1889).

§ Fizeau, Ann. de chim. et de phys. (3), 58, 129 (1860); Pogg. Ann. 114, 554

(1861).

R
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ing no air behaves, mechanically speaking, like a true vacuum
where the movement of ponderable bodies is concerned. Seeing
how the mercury in a barometer rises to the top of the tube when
it is inclined or how easily a thin walled closed metal tube can be
compressed, one cannot avoid the inference that solid and liquid
bodies are completely permeable to the ether. One can hardly
assume that this medium could undergo compression without of-
fering resistance.

Fizeaw’s famous interference experiment with flowing water'
proves that transparent substances can move without imparting their
full velocity to the ether contained in them. It would have been
impossible for this experiment—later repeated by Michelson and
Morley on a larger scale—to have the observed result if everything
present in one of the tubes were to have the same velocity. Only
the behaviour of opaque substances and very extensive bodies re-
mains problematic after this.

It is to be noted furthermore that the permeability of a body for
the ether can be conceived in two ways. Firstly this property may
be lacking in the single atom and yet appear in a larger mass if the
atoms are extremely small compared with the spaces in between
them. Secondly one can assume (and this is the hypothesis which
I will use as a basis for my considerations) that ponderable matter
is absolutely permeable, i.e., that the atom and the ether exist in
the same place, which is conceivable if one could regard the atoms
as local modifications of the ether.

It is not my intention to enter into such speculations in more
detail or to make conjectures about the nature of the ether. My
wish is only to keep myself as free as possible from pre-conceived
opinions on this medium or to attribute to it, for example, any of
the properties of ordinary liquids and gases. Should it turn out

t Fizean, Ann. de chim. et de phys. (3), 57, 385 (1859); Pogg. Ann. 3, 457
(1853). . .
1 Michelson and Morley, American Journal of Science (3), 31, 377 (1886).

17#
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that a description of the phenomena were to succeed best by as-
suming absolute permeability, then one ought to accept such an
assumption for the present and leave it to future research to lead
possibly to more profound understanding.

Tt is surely self-evident that there can be no question concerning
the absolute rest of the ether. This expression would not even make
sense. If I say for brevity’s sake that the ether is at rest I only mean
to say that one part of this medium does not move with respect
to the other and that all observable motion of celestial bodies is
motion relative to the ether.

§ 2. Since Maxwell’s views have been increasingly accepted, the
question about the behaviour of the ether has also become of great
importance for the electromagnetic theory. In fact, strictly speak-
ing, no experiment involving the motion of a charged body or an
electrical conductor can be treated rigorously unless at the same
time a statement is made about rest or motion of the ether. For an
electric phenomenon the question arises whether an influence
through the movement of the earth is to be expected, and, as re-
gards the effect of the latter on optical phenomena, it is to be re-
quired of the electromagnetic theory of light that it takes into
account all facts so far ascertained.

This is because the theory of aberration does not belong to those
parts of Optics for the treatment of which the general principles
of the wave theory are sufficient. As soon as a telescope is used
one cannot get around applying Frespel’s convection coefficient
to the lenses, and the value of this coefficient can only be derived
from special assumptions concerning the nature of light waves.

The electromagnetic theory of light does in fact lead to the
coefficient assumed by Fresnel as I demonstrated two years ago.!
Since then I have simplified the theory considerably as well as
extending it to phenomena of reflexion and refraction and also to

t Lorentz, La théorie électromagnétique de Muaxwell et son application aux
corps mouvanis. Leiden, E. J. Brill, 1892.
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double refracting substances.! I might therefore be allowed to re-
turn again to the subject.

In order to arrive at the fundamental equations for the electric
phenomena in moving bodies I have taken a view which has been
adopted by several physicists in the last years, i.e., I have assumed
that all substances contain small electrically charged mass-particles
and that all electric phenomena are based on the structire and
movement of the “ions”. This concept is, with respect to the electro-
Iytes, generally recognized as the only possible one and Messrs.
Giese,t Schuster,? Arrhenius,!! Elster and Geitel™t have defended
the view that also where the electric conductivity in gases is con-
cerned one is dealing with a convection of ions. I do not se¢ any
obstacle to the assumption that the molecules of ponderable di-
electric substances also contain such particles which are bound to
definite equilibrium positions, and which can only be displaced
from them through external electrical forces. This then would con-
stitute the di-electric polarization of such substances.

The periodically alternating polarizations which according to
Maxwell’s theory constitute a ray of light, are attributed on this
view to vibrations of the ions. It is well known that many scientists
who accepted the view of the older theory of light considered the
resonance of ponderable matter as the cause of dispersion, and
this explanation can, in the main, be assimilated into the electro-
magnetic theory of light. In order to do this it is only necessary
to ascribe a definite mass to the ions. I have shown this in a former
treatise?* in which, it is true, I derived the fluctuation equation of

T Preliminary communications about this have appeared in the Zitings-
verlangen der Akad. v. Wet. te Amsterdam, 28, 149 (1892-3).

I Giese, Wied. Ann. 17, 538 (1882).

§ Schuster, Proc. Roy. Soc. 37, 317 (1884).

Il Arthenius, Wied. Ann. 32, 565 (1887); 33, 638 (1888).

1t Elster and Geitel, Wiener Sitz-Ber. 97, (2), 1255 (1888).

11 Lorentz, Over het verband tusschen de voortplantingssnelheid van ket licke
on de dichtheid en samenstelling der middenstoffen. Verhandelingen der Alood,
van Wet, te Amsterdam, Deel 18, 1878; Wied. Ann. 9, 641 (1880).
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metion from action at a distance and not from Maxwellian con-
cepts, which I now consider much simpler. Von Helmholtz! sub-
sequently based his electromagnetic theory of dispersion on the
same idea.}

Mr. Giese® has applied to several cases the hypothesis that in
metal conduciors, too, the electricity is bound to ions. However,
the picture which he draws of the phenomena in these substances
differs in one point essentially from the concept which one has of
conduction in electrolytes. While the particles of a dissclved
salt—however frequently they may be arrested by the water molec-
ules—can, after all, wander over long distances, the ions in the
copper wire can hardly possess such great mobility. One can, how-
ever, be satisfied with a back and forth movement over molecular
distances, provided one assumes that frequently one ion transmits
its charge to another ion or that two ions of opposite charge ex-
change their charge when they meet or after they bhave “combin-
ed”. In any case such processes must take place at the boundary
between two substances when a current passes from one into the
other. If for instance n positively charged copper atoms are de-
posited from a salt solution onto a copper plate and one consid-
ers also that in the copper plate all electficity is bound to ions, it
is necessary to assume that the charges pass to # atoms in the plate
or that %n of the deposited particles have exchanged their charge
with %n negatively charged copper atoms already in the electrode.

If, therefore, the assumption of this transport or exchange of
ion charges—admittedly still a highly unelucidated process—is an
indispensible part of any theory which assumes the trapsport of
electricity by ions, then a steady electric current never consists of
convection alone, at least not when the centres of two touching or

t v. Helmholtz, Wied. Ann. 48, 389 (1893).

1 Although in a different way, Mr. Koldgek (Wied. Ann. 32, 244, 429 {1887])

has also given an explanation of the dispersion of the electric waves in molec-
ules. Also to be cited is the theory of Mr. Goldhammer (Wied. Ann. 7, 93

[1892].
§ Giese, Wied. Ann. 37, 576 (1889).
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combined particles are at the distance / apart. The movement of
electricity then takes place without convection over a distance of
the order /, and only if this distance is very small in comparison
to those over which convection takes place is one mainly concern-
ed with the latter phenomenon.

Mr. Giese if of the opinion that a true convection does not take
place at all in metals. As it seems, however, impossible to include
the “jumping over” of charges in the theory, I beg to be excused
if I myself completely avoid such a process and simply imagine a
current in a copper wire as a movement of charged particles.

Further research will have to decide whether under a different
assumption the results of the theory remain valid.

§ 3. The ionic theory was very appropriate for my purpose as it
makes it possible to introduce the permeability for ether in a fairly
satisfactory manner into the equations. These fall, of course, into
two groups. First it is necessary to express how the state of the
ether is determined by the charge, position and movement of the
ions. Then, secondly, it must be noted with what forces the ether
acts upon the charged particles. In my paper quoted above! I have
derived the formulae from a few assumptions by means of D’ Alem-
bert’s principle and thus chosen a way which is rather similar to
Maxwell’s use of Lagrange’s equations. Now I prefer for brevity’s
sake to represent the fundamental equations themselves as hypo-
theses.

The formulae for the ether agree, as regards the space between
the ions, with the well known equations of Maxwell’s theory, and
state in general that any change which is produced in the ether by
an ion is propagated with the speed of light. However, we consider
the force with which the ether acts on a charged particle to be de-
pendent on the state of this medium at the position of the particle.
The assumed fundamental law therefore differs in one essential
point from the laws formulated by Weber and Clausius. The in-

t Lorentz, La théorie électromagnétique de Maxwell et son application aux
COFpS mouvants,
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fluence suffered by a particle B as a result of the proximity of a
second perticle A does depend on the movement of the latter,
however not on its movement at that time. On the contrary the
movement which this A had at a previous time is decisive, and the
postulated law corresponds to the requirement which Gauss de-
maunded in 1845 of the theory of electrodynamics which he expressed
in his well known letter to Weber."

Generally, we find, in the suppositions that I introduce, a return
in a certain sense to the older theory of electricity. The kernel of
Maxwell’s views is not lost thereby, but it cannot be denied that
one who subscribes to the ionic hypothesis is not very far removed
from the notion of electrical particles which earlier theorists em-
braced. In certain simple cases this is particularly evident. Since
we see the presence of electrical charge in an aggregate of positively
or negatively charged particies, and our basic formulae yield Cou-
lomb’s Law for motionless jons, all, e.g., of electrostatics, can now
be brought back to the earlter form.

T Gauss, Werke, 5, 629,

11. SIMPLIFIED THEORY OF ELECTRICAL
AND OPTICAL PHENOMENA IN MOVING
SYSTEMS®

H. A. LorenTZ

§ 1. In former investigations I have assumed that, in all electrical
and optical phenomena, taking place in ponderable matter, we
have to do with small charged particles or ions, having determinate
positions of equilibrium in dielectrics, but free to move in conduc-
tors except in so far as there is a resistance, depending on their
velocities. According to these views an electric current in a conduc-
tor is to be considered as a progressive motion of the ions, and a
dielectric polarization in a non-conductor as a displacement of the
ions from their positions of equilibrium. The ions were supposed
to be perfectly permeable to the aether, so that they can move while
the acther remains at rest. I applied to the aether the ordinary
electromagnetic equations, and to the ions certain other equations
which seemed 10 present themselves rather naturally. In this way
I arrived at a system of formulae which were found sufficient to
account for a number of phenomena.

In the course of the investigation some artifices served to shorten
the mathematical treatment. I shall now show that the theory may
be still further simplified if the fundamental equations are imme-
diately transformed in an appropriate manper.

§ 2. I shall start from the same hypotheses and introduce the

¥ Proc. Roy. Acad. Amsterdam 1, 427 {1899).

~re
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same notations as in my “Versuch einer Theorie der electrischen
und optischen Erscheinungen in bewegten Korpern”. Thus, b and
© will represent the dielectric displacement and the magnetic
force, p the density to which the ponderable matter is charged, b the
velocity of this matter, and € the force acting on it per unit charge
{electric force). It is only in the interior of the ions that the density
p differs from 0; for simplicity’s sake I shall take it to be a con-
tinuous function of the coordinates, even at the surface of the ions.
Finally, I suppose that each element of an ion retains its charge
while it moves.

If, now, ¥ be the velocity of light in the aether, the fundamental

equations wil! be

Divd = p, (Ia)
DivH =0, (1la)

Rot § = 4mpb + dad, (I11a)
47Vt Rotb =—9, (IVa)
€ = 4nV® +[b.9]. (Va)

§ 3. We shall apply these equations to a system of bodies, having
a common velocity of translation b, of constant direction and
magnitude, the acther remaining at rest, and we shall henceforth
denote by v, not the whole velocity of a material element, but the
velocity it may have in addition to p

Now it is natural to use a system of axes of coordinates, which
partakes of the translation p. If we give to the axis of x the direc-
tion of the transiation, so that p, and p, are 0, the equations
(Ia}-(Va) will have to be replaced by

Divh =p, (Ib)
Div$H =0, (1Ib)
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o9, 0%, 9

2 o _ztazg(p,,+13,¢)+4:rz(6 -y )bx,

ailt a‘i’z 0 0

5 o =4“9”f+4"(§‘*°xﬁ;)bw (i)

09, D. 0 0
ax — ay —4ﬁ9bz+4ﬂ(5—px§)b2,

&, b, (8 G
4?‘!V2( ay ——67) = "'(E_pxa)@x’
o, o, o . 9 (Ivb)
R R CA
ob, obs o )
. LR AT
€ = 4z V2 +[p-H]+[0-O]. (Vb)

In these formulae the sign Div, apphed to a vector U, has still
the meaning defined by

Divll =

o, o, oYU,
ax oy Tazr

As has already been said, b is the relative velocity with regard
to the moving axes of coordinates. If b = 0, we shall speak of a
system at rest; this expression therefore means relative rest with
regard to the moving axes.

In most applications p would be the velocity of the earth in its
vearly motion.

§ 4. Now, in order to simplify the equations, the following quan-
titics may be taken as independent variables

V

’ ’

r p

X = = - f——

,\/(VZ ) y y’ Zz 2, t ={ V2 3 X. (1)

The last of these is the time, reckoned from an instant that is

not the same for all points of space, but depends on the place we

wish to consider. We may call it the Jocal time, to distinguish it
from the universal time 1.
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I we put
V

- =k,
V)
we shall have
_f____kﬁ,__kz&i” 9 _ 6”
Ox ox V: ot oy Oy
o _0 2 _0
oz oz’ ot ot

The expression
oUu, o, oW
o "oy Ve
will be denoted by
Div’ U.
We shall also introduce, as new dependent variables instead of
the components of b and §, those of two other vectors & and 9,
which we define as follows

K. = daVh,, Fy = AnkV,—kpD., b =4k VD AkDDy,
95 = kP, 9, = k2D, +ark?p.ds, D1 = k2D, —4nkipaD, .

In this way I find by transformation and mutual combination of
the equations (Ib)-(Vb):

Div' § = % 2o —dmkpacbs. {c)

Div’ @' =0, (lIc)
%%“%% = dmkpd, -+ % %if,i s (IILc)
Z'%:’ —_ %%" = dakob,+ %;2— agz

e -
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gy o7 ot
o 0% 09y
a7 o ot | {Ive)
o, o _ o
ox' o ot’

€, = %x +k— px (D,v%.v+ bx%'z)'*"(br‘bz—bzg'y) l

@y=7‘c-%y Lo (proing) L 09

ATk v (095 00Y)
Putting b = 0 in the three last equations we see that
' 1 ’ l r
%x: —’—C- %ys E %z

are the components of the electric force that would act on a
particle at rest.

§ 5. We shall begin with an application of the equations to
electrostatic phenomena. In these we have b = 0 and independent
of the time. Hence, by (1Ic) and (IIIc)

9 =0,
and by (IVc) and (Ic)
oF 0% _, Om_W_, W W _g
oy oz o8 ox ) 4 ?

Div' ' = —4]—;—':— Vg,

These equations show that ' depends on a potential @, so that

: B ,__fo ' O
Be=-ae By T
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and
P o o 4n
- = —— 2
ox2 b oyt T k Ve @

Let S be the system of ions with the transiation p,, to which
the above formulae are applied. We can conceive a second system
S with no translation and consequently no motion at all ; we shall
suppose that .S is changed into S, by a dilatation in which the
dimensions parallel to OX are changed in ratio of 1 to &, the
dimensions perpendicular to OX remaining what they were. Morg-
over we shall attribute equal charges to corresponding volume-
elements in S and Sy if then po be the density in a point P of §, the
density in the corresponding point P, of 8, will be

1
EO'-kQ

If x, y, z are the coordindtes of P, the quantities x’, y', z/, deter-
mined by (1}, may be considered as the coordinates of Py.

In the system Sy, the electric force, which we shall call € may
evidently be derived from a potential wo, by means of the equa-
tions

Owe dwo

@u;z—'ﬁ ‘“a—y,, @0x=—_é?,

and the function w, itself will satisfy the condition

Pwo | FPwe | Pwo

4z
e Py T T A e s — Ve

Comparing this with (2), we se¢ that in corresponding points

w = Wep,

and consequently

%_;: = @Ox, %,;P = (Eﬂy, %; = @02 .

|
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In virtue of what has been remarked at the end of § 4, the com-
ponents of the electric force in the system S will therefore be

1 1
Cos, E@w, ?@Oz-

Parallel to OX we have the same electric force in S and Sy, but
in a direction perpendicular to QX the electric force in S will be
1/k times the electric force in Sy.

By means of this result every electrostatic problem for a moving
system may be reduced to a similar problem for a system at rest;
only the dimensions in the direction of translation must be slightly
different in the two systems. If, e.g., we wish to determine in what
way innumerable ions will distribute themselves over a moving
conductor C, we have to solve the same problem for a conductor
Cy, having no translation. It is easy to show that if the dimensions
of Cy and C differ from each other in the way that has been indi-
cated, the ¢lectric force in one case will be perpendicular to the
surface of C, as soon as, in the other case, the force &; is normal
to the surface of Co.

Since

éxceeds unity only by a quantity of the second order—if we call
p./V of the first order—the influence of the Earth’s yearly motion
on electrostatic phenomena will likewise be of the second order.

§ 6. We shall now shew how our general equations (Ic}—(Vc)
may be applied to optical phenomena. For this purpose we consider
a system of ponderable bodies, the ions in which are capable of
vibrating about determinate positions of equilibrivm. If the system
be traversed by waves of light, there will be oscillations of thé ions,
accompanied by electric vibrations in the aether. For convenience
of treatment we shall suppose that, in the absence of lighl-waves,
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there is no motion at all; this amounts to ignoring all molecular
motion.

Our first step will be to omit all terms of the second order. Thus,
we shall put &£ = 1, and the electric force acting on ions at rest
will become ¥ itself.

We shall further introduce certain restrictions, by means of
which we get rid of the last term in (Ic) and of the terms containing
By, 1,, b, in (Vc).

The first of these restrictions relates to the magnitude of the
displacements a from the positions of equilibrium. We shall suppose
them to be exceedingly small, even relatively to the dimensions of
the ions and we shall on this ground neglect all guantities which
are of the second order with respect to a.

It is easily seen that, in consequence of the displacements, the
electric density in a fixed point will no longer have its original
value go, but will have become

ij 0 i
P = Po —‘a? (anx)—'?y“ (Qoﬂy) - o7 (gon2).

Here, the last terms, which evidently must be taken into account,
have the order of magnitude epofa, if ¢ denotes the amplitude of
the vibrations; consequently, the first term of the right-hand mem-
ber of (Ic) will contain quantities of the order

Vicpo
— -

(&)

On the other hand, if 7 is the time of vibration, the last term
in (Ic) will be of the order

DyxboC
- “@

Dividing this by (3), we get
Px

2
VI"
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an extremely small quantity, because the diameter of the ions is a
very small fraction of the wave-length. This is the reason why we
may omit the last term in (Ic).

As to the equations (Vc), it must be remarked that, if the dis-
placements are infinitely small, the same will be true of the velocities
and, in general, of all quantities which do not exist as long as the
system is at rest and are entirely produced by the motion. Such
are 9., §,, O.. We may therefore omit the last terms in (Vc), as
being of the second order.

The same reasoning would apply to the terms containing p,/V?2,
if we could be sure that in the state of equilibrium there are no
electric forces at all. If, however, in the absence of any vibrations,
the vector § has already a certain value §,, it will only be the
difference § — &, that may be called infinitely small; it will then
be permitted to replace §, and §, by ,, and F,-

Another restriction consists in supposing that an fon is incapable
of any motion but a translation as a whole, and that, in the posi-
tion of equilibrium, though its parts may be acted on by electric
forces, as has just been said, yet the whole ion does not experience
a resultant electric force, Then, if dz is an element of volume, and
the integrations are extended all over the ion,

J‘ 00§ oy 4T = f 00 Fo: dv = 0. %

Again, in the case of vibrations, the equations (Vc) will only
serve to calculate the resultant force acting on an ion. In the
direction of the axis of y e.g. this force will be

f o, dr.

Its value may be found, if we begin by applying the second of
the three equations to each point of the ion, always for the same
universal time ¢, and then integrate. From the second term on the

NS-CAT 18
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right-hand side we find
Px ob:, dz,

or, since we may replace ¥, by %, and ¢ by g,

which vanishes on account of (5).

Hence, as far as regards the resultant force, we may put G = §,
that is to say, we may take ' as the electric force, acting not only
on ions at rest, but also on moving ions.

The equations will be somewhat simplified, if, instead of §, we
introduce the already mentioned difference & — &;. In order to do
this, we have only twice to write down the equations (Ic)«(IVc),
once for the vibrating syst¢em and a second time for the same system
in a state of rest; and then to subtract the equations of the second
system from those of the first. In the resulting equations, I shall,
for the sake of brevity, write ¥ instead of §' — §;, so that hence-
forth §’ will denote not the total electric force, but only the part
of it that is due to the vibrations. At the same time we shall replace
the value of g, given above, by

d6e __ Bpe oo
Qo0 3 0 37 oy’ % 5

We may do so, because we have supposed a_, a,, a, to have the
same values all over an ion, and because go is independent of the
time, so that

Beo _ oo
ox  ox

Finally we have

Divy —— 4nv=(ax 29?+ay g§°+ o, ggf’), (1d)
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Div' § =0, (I1d)

09; 8D, _ oa, 1 &%

ay, - 32 4TZQ9 Frg +ﬁ _61—" etc. (IIId)

0% o%, _ 09

ayr azy - atr » efc. (IVd)

Since these equations do no longer explicitly contain the velocity
p,. they will hold, without any change of form, for a system that
has no translation, in which case, of course, # would be the same
thing as the universal time ¢.

Yet, strictly speaking, there would be a slight difference in the
formulae, when applied to the two cases. In the system without a
translation a,, aj, a, would be, in all points of an ion, the same
functions of #, i.e. of the universal time, whereas, in the moving
system, these components would not depend in the same way on #
in different parts of the ion, just because they must everywhere
be the same functions of #.

However, we may ignore this difference, of the ions are so small,
that we may assign to each of them a single local time, applicable
to all its parts.

The equality of form of the electromagnetic equations for the two
cases of which we have spoken will serve to simplify to a largé
exient our investigation. However, it should be kept in mind, that,
to the equations (Id)-(IVd) we must add the equations of motion
for the ions themselves. In establishing these, wé have to take into
account, not only the electric forces, but also all other forces acting
on the ions. We shall call these latter the molecular forces and we
shall begin by supposing them to be sensible only at such small
distances, that two particles of mattér, acting on €ach other, may
beé said to have the samé loocal timeé.

§ 7. Let us now imagine two systems of ponderable bodics, the
one S with a translation, and the other one S, without such a
motion,; but equal to each other in all othér respects. Since we




266 NINETEENTH-CENTURY AETHER THEORIES

neglect quantities of the order pZ/¥2, the electric force will, by § 5
be the same in both systems, as long as there are no vibrations.

After these have been excited, we shall have for both systems
the equations (Id){IVd).

Further we shall imagine motions of such a kind, that, if in a
point (¥, 3, z') of So we find a certain quantity of matter or a
certain electric charge at the universal time 7, an equal quantity
of matter or an equal charge will be found in the corresponding
point of §' at the local time #. Of course, this involves that at these
corresponding times we shall have, in the point (x’, ¥, z') of both
systems, the same electric density, the same displacement a, and
equal velocities and accelerations.

Thus, some of the dependent variables in our equations (Id)-
(IVQ) will be represented in Sy and S by the same functions of x,y,
Z, t', whence we conclude that the equations will be satisfied by
values of §,, 9., 9., F.. . §., which are likewise in both cases
the same functions of x’, ), z/, #'. By what has been said at the
beginning of this§, not only &', but also the total electric force will
be the same in S and S, always provided that corresponding ions
at corresponding times (i.e. for equal values of ') be considered.

As to the molecular forces, acting on an ion, they are confined
to a certain small space surrounding it, and by what has been said
In§ 6, the difference of local times within this space may be neglect-
ed. Moreover, if equal spaces of this kind are considered in Sp and
S, there will be, at corresponding times, in both the same distri-
bution of matter. This is a consequence of what has been supposed
concerning the two motions.

Now, the simplest assumption we can make on the molecular
forces is this, that they are nof changed by the translation of the
system. If this be admitted, it appears from the above considera-
tions that corresponding ions in Sy and § will be acted on by the
same molecular forces, as well as by the same electric forces.
Therefore, since the masses and accelerations are the same, the
supposed motion in S will be possible as soon as the corresponding
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motion in Sp can really exist. In this way we are led to the following
theorem,

If, in 2 body or a system of bodies, without a translation, a system
of vibrations be given, in which the displacements of the ions and
the components of § and §’ are certain functions of the coordi-
nates and the time, then, if a translation be given to the system, there
can exist vibrations, in which the displacements and the compo-
nents of §' and §’ are the same functions of the coordinates and
the local time. This is the theorem, to which I have been led in a
much more troublesome way in my “Versuch einer Theorie, efc.”,
and by which most of the phenomena, belonging to the theory of
aberration may be explained.

§ 8. In what precedes, the molecular forces have been supposed
to be confined to excessively small distances. If two particles of
matter were to act upon each other at such a distance that the
difference of their local times might not be neglected, the theorem
would no longer be true in the case of molecular forces that are
not altered at all by the translation. However, one soon perceives
that the theorem would again hold good, if these forces were
changed by the translation in a definite way, in such 2 way namely
that the action between two quantities of matter were determined,
not by the simuitaneous values of their coordinates, but by their
values at equal local times. If therefore, we should meet with pheno-
mena, in which the difference of the local times for mutually acting
particles might have a sensible influence, and in which yet observa-
tion showed the above theorem to be true, this would indicate a
modification, like the one we have just specified, of the molecular
forces by the influence of a translation. Of course, such a modi-
fication would only be possible, if the molecular forces were no
direct actions at a distance, but were propagated by the aether in a
similar way as the electromagnetic actions. Perhaps the rotation
of the plane of polarization in the so-called active bodies will be
found to be a phenomenon of the kind just mentioned.

§ 9. Hitherto all quantities of the order p%/V* have been neglected.
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As is well known, these must be taken into account in the dis-
cussion of MICHELSON's experiment, in which two rays of light
interfered after having traversed rather long paths, the one parallel
to the direction of the earth’s motion, and the other perpendicular
to it. In order to explain the negative result of this experiment
FITZGERALD and myself have supposed that, in consequence of
the translation, the dimensions of the solid bodies serving to support
the optical apparatus, are altered in a certain ratio.

Some time ago, M. LENarD' has emitted the opinion that,
according to my theory, the experiment should have a positive
result, if it were modified in so far that the rays had to pass
through a solid or a liquid dielectric.

It is impossible to say with certainty what would be observed
in such a case, for, if the explication of MICHELSON's result which
I have proposed is accepted, we must also assume that the mutual
distances of the molecules of transparent media are altered by the
translation.

Besides, we must keep in view the possibility of an influence, be
it of the second order, of the translation on the molecular forces.

In what follows I shail shew, not that the result of the experiment
must necessarily be negative, but that this might very well be the
case. At the same time it will appear what would be the theoretical
meaning of such a resuit.

Let us return again to the equations (I¢)«(Vc). This time we
shall not put in them k = 1, but the other simplifications of which
we have spoken in § 6 will again be introduced. We shall now
have to distinguish between the vectors & and %', the former alone
being the electric force. By both signs I shall now denote, not the
sjoym vector, but the part that is due to the vibrations.

The equations may again be written in a form in which the
velocity of translation does not explicitly appear. For this purpose,
it is necessary to replace the variables x', y', 2, ¢, &, 9, aand 9o

t L*Eclairage Electrique, 20 et 27 aoiit 1898,
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by new ones, differing from the original quantities by certain con-
stant factors. .

For the sake of uniformity of notation all these new variables
will be distinguished by double accents. Let £ be an indeterminate
coefficient, differing from unity by a quantity of the order p2/¥?,
and let us put

e 7] rr
ax'__?g-ax; a =¢€a,, 4 =0z, ™
k LY
eo=§90= ®)
, 1 " ’ 1 ’ ’ 1 r4
e BT H=aW

k i ’ k ry ’ k kr
'@x:"'si@xs ®y=‘?€)ys ©z=? 7y
¢ = ket", ©)

so that #' is a modified local time; then we find

Div" =4-JzV2(—a" Oo _ o 000 _ o ai"), (Ie)

X ax" a_y:T azu
Divﬂ ‘bu — 0, (IIC)
0y, 8, . 00y 1 8%
Sy 1 0%, - OO« ' 111
I = i U o (Hiie)
oF _ 8%y _ _ 9%y v
ayn azn - 31‘" ’ et'c' ( e)

1 X ]- ’ 1 1
@x=§ EX] @y:E”z‘%ya (‘Sz=?c";§%z- (Ve)

These formulae will also hold for a system without translation;
only, in this case we must take X = 1, and we shall likewise take
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e = 1, though this is not necessary. Thus, x"”, ¥, z' will then be
the coordinates, #’ the same thing as ¢, i.e. the universal time, o’
the displacement, g, the electric density, §” and y” the magnetic
and electric forces, the last in so far as it is due to the vibrations.

Our next object will be to ascertain under what conditions, now
that we retain the terms with p2/V2, two systems S and S,, the
first having a translation, and the second having none, may be in
vibratory states that are related to each other in some definite way.
This investigation resembles much the one that has been given in
§ 7; it may therefore be expressed in somewhat shorter terms.

To begin with, we shall agree upon the degree of similarity there
shall be between the two systems in their states of equilibrium, In
this respect we define S by saying that the system Sy may be
changed into it by means of the dilatations indicated by (6); we
shall suppose that, in undergoing these dilatati ons, each element of
volume retains its ponderable matter, as well as its charge. It is
easily seen that this agrees with the relation (8).

We shall not only suppose that the system Sy may be changed
in this way into an imaginary system S, but that, as soon as the
translation is given to it, the transformation really takes place, of
itself, i.e. by the action of the forces acting between the particles
of the system, and the aether. Thus, after all, S will be the same
material system as S,

The transformation of which I have now spoken, is precisely such
a one as is required in my explication of MICHELSON's experiment.
In this explication the factor ¢ may be left indeterminate. We need
hardly remark that for the real transformation produced by a
translatory motion, the factor should have a definite value. I see,
however, no means to determine it.

Before we proceed further, a word on the electric forces in § and
So in their states of equilibrium. If ¢ = 1, the relation between
these forces will be given by the equations of § 5. Now ¢ indicates
an alteration of all dimensions in the same ratio, and it is very
casy to see what influence this will have on the electric forces.
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Thus, it will be found that, in passing from S, to S, the electric
force in the direction of OX will be changed in the ratio of 1 to
1/¢®% and that the corresponding ratio for the other components
will be as 1 to 1/ke2,

As to the corresponding vibratory motions, we shall require that
atcorresponding times, i.e. for equal values of 7, the configuration
of § may always be got from that of S, by the above mentioned
dilatations. Then, it appears from (7) that a,, a,, ;" will be,
in both systems, the same functions of x“, ¥, 27, 1, whence we
conclude that the equations (Ie}(IVe)can be satisfied by values of
8Os etc., which are likewise, in S, and in S, the same functions
of x", y”, 2", ¢".

Always provided that we start from a vibratory motion in 8
that can really exist, we have now arrived at 2 motion in S, that is
possible in so far as it satisfies the electromagnetic equations. The
last stage of our reasoning will be to attend to the molecular forces.
In 8y we imagine again, around one of the ions, the same small
space we have considered in § 7, and to which the molecular forces
acting on the ion are confined; in the other system we shall now
conceive the corresponding small space, i.e. the space that may be
derived from the first one by applying to it the dilatations {6). As
before, we shall suppose these spaces to be so small that in the
second of them there is no necessity to distinguish the local times
in its different parts; then we may say that in the two spaces there
will be, at corresponding times, corresponding distributions of
matter, '

We have already seen that, in the states of equilibrium, the
electric forces parallel to OX, OY, 0Z, existing in § differ from
the corresponding forces in § by the factors

Lo
e Fe A kez®

From (Ve) it appears that the same factors come into play when
we consider the part of the electric forces that is due to the vibra-
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tions. If, now, we suppose that the molecular forces are modified
in quite the same way in consequence of the translation, we may
apply the just mentioned factors to the components of the foral
force acting on an ion. Then, the imagined motion in S will be a
possible one, provided that these same factors to which we have
been led in examining the forces present themselves again, when we
treat of the product of the masses and the accelerations.

According to our suppositions, the accelerations in the directions
of OX, OY, OZ in § are resp. 1/k3¢, 1/k% and 1/k% times what
they are in So. If therefore the required agreement is to exist with
regard to the vibrations parallel to OX, the ratio of the masses of
the ions in .S and S, should be k3/e; on the contrary we find for
this ratio k/e, if we consider in the same way the forces and the
accelerations in the directions of OF and 0OZ.

Since k is different from unity, these values cannot both be 1;
consequently, states of motion, related to each other in the way we
have indicated, will only be possible if in the transformation of S,
into § the masses of the ions change; even this must take place
in such a way that the same ion will have different masses for
vibrations parallel and perpendicular to the velocity of translation,

Such a hypothesis seems very startling at first sight. Nevertheless
we need not wholly reject it. Indeed, as is well known, the effective
mass of an ion depends on what goes on in the aether; it may
therefore very well be altered by a translation and even to different
degrees for vibrations of different directions.

If the hypothesis might be taken for granted, MICHELSON’s ex-
periment should always give a negative result, whatever transparent
media were placed on the path of the rays of light, and even if
one of these went through air, and the other, say through glass.
This is seen by remarking that the correspondence between the two
motions we have examined is such that, if in $; we had a certain
distribution of light and dark (interference-bands) we should have
in § a similar distribution, which might be got from that in S by
the dilatations (6), provided however that in § the time of vibration
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be ke times as great as in So. The necessity of this last difference
follows from (9). Now the number ke would be the same in all
positions we can give to the apparatus; therefore, if we continue
to use the same sort of light, while rotating the instruments, the
interference-bands will never leave the parts of the ponderable
system, e.g. the lines of a micrometer, with which they coincided
at first.

We shall conclude by remarking that the alteration of the molec-
ular forces that has been spoken of in this § would be one of the
second order, so that we have not come into contradiction with

what has been said in § 7.




INDEX

Aberration Chapter I11, 91, 100, 105,
Papers 1, 2, 3
Aberration constant 22, 32
Abraham, M. 95
Action-at-a-distance 10, 76-7, 80
Ad hoc
elimination of longitudinal wave
in acther 17
restrictions on radiating atoms 96
Aether wind velocity 30, 35
Airy, G. B. 176-7, 185-6
Airy's water-filled felescope experi-
ment 26
Ampére, A, M. 96
Analogy 74-5, 89, 107, 116 see aiso
Mechanical modei(s)
Arago, F. 14, 23-5,125

Basset, A. B. 67
Biaxal crystals 13, 15, 17
Biot,J. B. 13
Bjerknes, C.  wviii
Black-body radiation 98
Bork, A. 85n, 104n
Boscovich, R. G. 201
view of atoms adopted by Faraday
771-8
water-filled telescope (or micro-
scope) 26, 1324
Boussinesq, J. 67-8
Bradiley’s corpuscular explanation of
aberration 22-3

Bradley’s discovery of stellar aberra-

tion 19,21-2
Brewster, D. 13
Bromberg, J. viii, 79

“*Brush, 5. 104n

Central forces, principle of
criticized by Green as too restric-

tive 46, 161

Challis, J. 141, 143

Classical mechanics 99 see also
Mechanical explanation, La-
grangian  mechanics, and
Hamilton’s Principle of Least
Action

Clausius, R. 253

Corpuscular theory of light (emission
theory) 9,13, 22-4, 125, 136,
144-5, 213

Cotes' preface to Newton's Principia
10-11

D’Alembert’s Principle of Virtual
Velocities 41-2, 46-8, 162,
164, 253
Descartes, R. 7, 8§, 10
Diffraction (inflection)
Young 12
Fresnel’s theory 14-15
Dirac, P. A. M. 116-7

T e

INDEX 275

Dispersion 20, 100, 251
ignored by Green 164
Doppler effect 20, 226, 241, 243
Double refraction 9, 12, 13, 15-17,
58, 71,98

EBhrenfest, P, 82
Einstein, A.
special theory of relativity vii,
viii, 4-5, 1146
Electromagnetic aether 45, 66, 76—
98, Papers 71, 9
Electromagnetic “Welthild” 93, 95,
228
Electron (ion)

Larmor’s characterization as an
aether singularity 95-6, 217-
8,224-5

Larmor’s incorporation into the
MacCullagh-Fitzgerald aether
96-8

Lorentz’ view of 101-2, 256

See also Mass

Electronic state 778
Energy

of Maxwell’s acther (electromag-
netic field) 81, 83-5

potential function in aether

of Green 352, 164-9
of MacCullagh 62-3, 190-93
Euler, L. 213

Faraday, M. 4, 77-8, 227

Fermat’s Principle 213

Feyerabend, P. K. 5-6

Fitzgerald, G. F. vii, 45, 66, 84, 95

Fitzgerald’'s clectromagnetic aether
84-9, 90, Paper 7

Fizeau’s experiment on rotation of
plane of polarization in glass
columns {pack of glass plates)
103, 248

Fizeau's moving water experiment
29, 145, 249

Fresnel, A. vii, 55,174, 177, 188, 193
aberration theory 23-9, 145, 155,
247-8, Paper 1
itsinfluence on Lorentz 99-100
diffraction theory 14-15
double refraction theory 15-17
partial-dragging (convection) coef-
ficient 100, 101, 242-3, 250,
Paper 1
sine and tangent laws 14, 18, 54,
58, 89, 176, 185
theory of polarization by reflection
and refraction 18
Functions of the acther 34

Gauss, K. F. 254
Giese, W, 252-3
Goldberg, S.  viii, ix
Glazebrook, R. T. viii, 59, 67-9, 84
Gravitation 4, 93, 246
Green, G.
acther theory of double refraction
58 see also W. Thomson
aether theory of reflection and re-
fraction 46-38, 69, 71, Paper
4
Green’s functions 46

Hamiltonian form of Principle of
Least Action 44, 92, 98, 214-
7
derivation from Lagrangian mecha-
nics 434, 207
Hamiltonian Principle in Maupertuis’
form 44
Hamilton’s proof of conical refrac-
tion 17
Haughton 59
Heaviside, O.
95
on aberration 101
Heaviside’s “rotational acther™ Paper
8

vii, 82, 84n, 8§9-90,



276 INDEX

Helmholtz, H. von 68, 76, 95, 100,
252

Hertz, H. 76, 106, 227

Hesse, M. B. ix

Hirosige, T. viii, 99

Holton, G. viii

Huygens, C. 8-11, 16, 61, 213

Jamin, M. J, 58
Jammer, M. 95n

Kelvin, Lord see W. Thomson
Ketteler, 68

Kirchhoff, G. vii, 67

Korn, A. viii

Kuhn, T. S, 5-6

Lagrangian mechanics 41-3, 207,
214
Green’s use of 41, 162, 164, 166
MacCullagh’s use of 41, 190, 192
Larmor, J. 21, 45, 66, 89
Larmor precession
Larmor’s aether theory 97-8, Paper
9
applied to moving bodies 110-12,
23046
Larmor’s correspondence (correla-
tion) between stationary and
moving systems 235-8
Larmor's proof of the intertranslata-
bility of Green’s, MacCullagh’s
and Kelvin’s aethers 71
Liénard, A. 105, 268
Light see Wave theory of, Corpuscu-
lar theory of
Lindsay, R. B, and Margenau, H. 43
Lines of force 77-8
Lleyd, H. viii, 16
Local time 104, 108, 257
Lodge, O. %1n, 208
Lommel 68

Longitudinal waves 14
in acther, difficulties with 47-8
Lorentz, H. A. 72-3, 145-6, 155
Lorentz acther 68
as an absolute reference frame 106,
113
as non-mechanical 106-7
as possessing substantiality 115
Lorentz
criticism of MacCullagh’s aether
65
criticism of Michelson interfero-
meter experiment  36-7
criticism of Planck’s ponderable
compressible aether 38
criticism of Stokes’ aberration the-
ory 38,103, 247-8
dispersion theory 100
Lorentz electron theory 96-7, 99—
116
derivation of Fresnel convection
coefficient 100
fundamental equations of, in a
moving system 108-9, 256-7,
264-5
fundamental equations of, in a rest
system 107, 256
Lorentz-Fitzgerald contraction 91,
1034, 109, 111
Lorentz’ Theorem of Corresponding
States
to the first order of vfe 110, 267
to second and hbigher orders of v/c
110, 112-3, 271
and Larmor’s priority on extension
to second order 110-12
See also Larmor’s correspond-
ence between systems
Lorentz’ theory of reflection and re-
fraction 84, 100
Lorentz transformation equations
104-5, 108, 257, 269
See alse Lorentz” Theorem of Cor-
responding States
Lorenz, L. V. 65

INDEX xn

MacCullagh, J. vii
MacCullagh’s acther theory J59-68,
71,227, Paper 5
generalized by Fitzgerald 85-9
gencralized by Larmor to include
electrons 217, 219-23
See aiso Stokes, Whittaker
Mass
as electromagnetic in nature 95,
246
variable with velocity through the
aether 105, 272
Maupertuis 213 see alfso Hamiltonian
Principle, . ,
Maxwell, J. C. vii, 78-84
Maxweli’s electromagnetic theory 3,
79-84, 97, 204-5, 208, 250, 254
applied to moving bodies 100
criticized as needing a more speci-
fically characterized aether
84, 84n
Kelvin’s view of 69
See alse Electromagnetic acther
McCormmach, R. viti, ix, 95, 99
Mechanical explanation 5, 60, 107
see alse Reduction
Mechanical model(s) (realizations)
5, 79, 106-7, Paper 6
See also Analogy
Michelson-Morley interferometer ex-
periment of 1887 wii, 4, 242
historical background of 32-9
Lorentz” response to 101, 104,
110, 248, 268, 272
Michelson-Morley moving water ex-
periment of 1886 29, 249
Molyneux, S. 21

Nagel, E. 75
Navier, C. 18, 45
Neumann, F. 59, 65
Newton, I. 8-11

Oersted, H. C, 4

Permeability of aether and matter
126-7, 249, 255

Perpetual motion, denied by Green
165

Photoelectric effect 20

Planck’s ponderable compressible
aether 7,38

Plenum, actherasa 7

Poincaré, H. 112-13

Poisson, 8. D. 18

Polarization 13, 18, 55, 62-3, 174
180, 186, 191-3

Popper, K. R. 6

Preston, T. 17

Quantum mechanics 99
Quaternion notation 85, 85n, 86-8,
204-7

Rayleigh, Lord see Strutt, J.
Rayleigh-Brace experiment 112
Reduction 75
Larmor’s views on dynamical
214
Res Extensa 7
Rosenfeld, L. viii, 76

Saint-Venant, B. de 59
Sarran 59
Sellmeier, W. 68
Shankland, R. 33
Sommerfeld, A.
ont MacCullagh’s and Fitzgerald’s
acthers 89n, 93n
on the difficulties of reading Max-
well 82
Space transformation see Lorentz
transformation equations



278 INDEX

Stellar paraliax see Bradley’s disco-
very of stellar aberration
Stokes, G, G. vii, viii
aberration theory 29-32, 36-7, 39,
247-8, Paper 2
criticism of MacCullagh's acther
61, 64-8
Larmor's views of 934
outflanked by Kelvin model 71
diffraction theory 15, 66
on the plasticity and rigidity of the
acther 66-7
Stoney, G. J. 95
Strutt, J. (Lord Rayleigh) 38, 46, 57
criticism of the MacCullagh-Neu-
mann aether &5
Swenson, L, 33

Thomson, J. J. 76
Thomson, W. (Lord Kelvin) vii, 76,
90n, 95, 97
mechanical (gyrostatic) models of
the acther 60, 66, 68-75, Pa-
per 6
Larmor’s comments on 94
modification of Green’s aether the-
ory 46, 69-71, 201, 201n, 209
Time see Local time
Time-dilation, Larmor’s 241
Transverse waves 14
in aether 162-3, 189
Tricker, R. A.R. 77,79
Trouton-Noble experiment 112

“Unified field theory” approach to the
aether 3-4
Ur-aether 934

Verdet, E.  16-17
Yoigt, W, 68 .
Vortex atom 95, 229
Vortex-sponge aether viii
Yortices
absence in Stokes’ acther 32, 140
Mazwell’s 79

Wave theory of light (uadulatory the-
ory) 8, 11-12, 136, 144-5

Weber, W, 76, 253-4

Whittaker, E. T. vifi, 76, 79, 116-7

comments on MacCuilagh’s acther

59-60, 65

Wien, W. 95

Williams, L.P. 77

Young, T. 135
on aberration 23
on his wave theory of light 11-13
on the nature of the aether 11-12,
55

Zeeman effect 112




